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Abst rac t :  Start ing from Faddeev 's  theory,  we der ive  exact one-dimensional  integral  
equations for the three-body scat ter ing  problem.  The task is accomplished by 
application of the Schmidt method (quas i -par t ic le  method). Our equations, which 
are  more prac t ica l  than those of Faddeev,  have the s t ructure  of mult i -channel  
two-par t ic le  ]_ippmann-Schwinger equations. The general ized "potent ials"  oc-  
cur r ing  in them have to be calculated from two-dimensional  integral  equations, 
the i terat ion of which should rapidly converge in most cases  of physical  in teres t .  
Thus our approach admits the sys temat ica l  application of the methods of p e r t u r -  
bation theory to compos i t e -pa r t i c l e  sca t te r ing  problems.  To lowest  o rder ,  we 
reproduce  a resul t  of Lovelace.  

1. INTRODU CTION 

C o l l i s i o n  p r o c e s s e s  of t h r e e  n o n - r e l a t i v i s t i c  p a r t i c l e s  wh ich  m a y  f o r m  
bound  t w o - p a r t i c l e  s u b s y s t e m s ,  have  b e e n  s t u d i e d  wi th  i n c r e a s i n g  i n t e r e s t  
d u r i n g  the  l a s t  y e a r s .  T h e  p r o b l e m ,  of c o u r s e ,  can  be  f o r m u l a t e d  in a w e l l -  
d e f i n e d  m a n n e r  by the  b a s i c  c o n c e p t s  of m u l t i - c h a n n e l  s c a t t e r i n g  t h e o r y .  
H o w e v e r ,  to  hand le  i t  in p r a c t i c e ,  m a n a g e a b l e  i n t e g r a l  e q u a t i o n s  ought  to 
be  f o r m u l a t e d  fo r  s c a t t e r i n g  s t a t e s  o r  t r a n s i t i o n  o p e r a t o r s .  A d e c i s i v e  s t e p  
t o w a r d s  t h i s  goa l  has  b e e n  a c c o m p l i s h e d  by  F a d d e e v  [1, 2]. The  m a i n  f e a t u r e  
of h i s  e q u a t i o n s  i s  t ha t  t h e i r  k e r n e l  b e c o m e s  a H i l b e r t - S c h m i d t  o p e r a t o r  a f t e r  
i t e r a t i o n .  T h u s ,  in p r i n c i p l e  b e i n g  s o l v a b l e ,  i t  a p p e a r s  h o w e v e r  tha t  t hey  
a r e  too  c o m p l i c a t e d  f o r  p r a c t i c a l  p u r p o s e s .  In p a r t i c u l a r ,  t h e s e  e q u a t i o n s  
a r e  s t i l l  t w o - d i m e n s i o n a l  a f t e r  a n g u l a r  m o m e n t u m  d e c o m p o s i t i o n .  To  ob -  
t a i n  a m o r e  p r a c t i c a l  t h e o r y ,  i t  t h e r e f o r e  s e e m s  d e s i r a b l e  to d e r i v e  e x a c t ,  
o n e - d i m e n s i o n a l  i n t e g r a l  e q u a t i o n s  f o r  the  t r a n s i t i o n  a m p l i t u d e s .  

S t a r t i n g  f r o m  F a d d e e v - l i k e  e q u a t i o n s  f o r  a p p r o p r i a t e l y  c h o s e n  t r a n s i t i o n  
o p e r a t o r s ,  we r e d u c e  t h e m  to o n e - d i m e n s i o n a l  i n t e g r a l  e q u a t i o n s  which  have  
the  f o r m  of m u l t i - c h a n n e l  t w o - p a r t i c l e  L i p p m a n n - S c h w i n g e r  e q u a t i o n s .  
T h i s  i s  done  by  a p p l i c a t i o n  of the  S c h m i d t  m e t h o d  a l r e a d y  u s e d  by W e i n b e r g  
f o r  the  t r e a t m e n t  of the  t w o - p a r t i c l e  c o l l i s i o n  p r o b l e m  *. We s t a r t  by s p l i t -  

* In this form of application,  it  is cal led "quas i -pa r t i c le  method", see refs .  [3-5]. 



168 E.O. ALT et al. 

ring the t r a n s i t i o n  o p e r a t o r s  of the t w o - p a r t i c l e  s u b s y s t e m s  o c c u r r i n g  in 
the Faddeev  equat ions into s e p a r a b l e  and n o n - s e p a r a b l e  p a r t s .  It should be 
s t r e s s e d  that  we do not use  the fact  that  the squa re  of the Fa dde e v  ke r ne l ,  
being a H i l b e r t - S c h m i d t  o p e r a t o r ,  may be a p p r o x i m a t e d  by a s e r i e s  of 
t e r m s  s e p a r a b l e  with r e s p e c t  to a l l  of i t s  v a r i a b l e s ;  i .e .  th is  main  p r o p e r t y  
of the Faddeev  equat ions ,  which is  g e n e r a l l y  a s s u m e d  to be e s s e n t i a l  fo r  the 
app l i cab i l i t y  of the Schmidt  method [6], is  not impor t an t  for  our t r e a t m e n t  * 
(This point  wil l  be d i s c u s s e d  in m o r e  de ta i l  in a subsequent  publ ica t ion . )  As 
a consequence  of the fac t  that  our s e p a r a b l e  p a r t s  a r e  s e p a r a b l e  only with 
r e s p e c t  to the s u b s y s t e m  v a r i a b l e s ,  we a r e  not lef t  with pu re ly  a l g e b r a i c  
equat ions  as  in the t w o - p a r t i c l e  c a se  but a r e  lef t  with o n e - d i m e n s i o n a l  in-  
t e g r a l  equat ions  for  the t h r e e - p a r t i c l e  t r a n s i t i o n  ampl i tudes .  

The g e n e r a l i z e d  "po ten t i a l s "  o c c u r r i n g  in these  equat ions  a r e  to be d e t e r -  
mined f rom F a d d e e v - t y p e  i n t eg ra l  equat ions ,  the ke rne l  of which only in-  
volves  the n o n - s e p a r a b l e  p a r t s  of the t w o - p a r t i c l e  s u b s y s t e m  t r a n s i t i o n  a m -  
p l i tudes .  Since we can make  these  n o n - s e p a r a b l e  p a r t s  as  s m a l l  as  we l ike  **, 
we may so lve  these  equat ions  by i t e r a t ion .  

In gene ra l  it  may suff ice  to e x t r a c t  only those  s e p a r a b l e  p a r t s  of the two-  
~ a r t i c l e  t r a n s i t i o n  ampl i t udes  which c o r r e s p o n d  to t he i r  b o u n d - s t a t e  and 
r e s o n a n c e  po les .  We then r e p r o d u c e  in lowes t  o r d e r  of i t e r a t i o n  the Love -  
l ace  equat ions  [8]. A t e s t  of the va l id i ty  of t he se  a p p r o x i m a t i v e  equat ions  
b e c o m e s  t h e r e f o r e  p o s s i b l e .  

We so d e r i v e  an exact  s c h e m e  to solve  the t h r e e - p a r t i c l e  p r o b l e m  which is  
a l so  p r a c t i c a l  b e c a u s e  we f i r s t  r educe  the t w o - d i m e n s i o n a l  Fa dde e v  equa-  
t ions  to o n e - d i m e n s i o n a l  L i p p m a n n - S c h w i n g e r - t y p e  equat ions ,  the "poten-  
t i a l s "  of which can be d e t e r m i n e d  by a r ap id ly  converg ing  p e r t u r b a t i o n  
s e r i e s .  Or,  s ta ted  in m o r e  gene ra l  t e r m s ,  we show in the case  of t h r e e -  
p a r t i c l e  s c a t t e r i n g  that  the s t rong  i n t e r a c t i o n  p r o b l e m  is  amenab le ,  a f t e r  
su i t ab ly  ex t r ac t i ng  t w o - p a r t i c l e  bound s t a t e s  and r e s o n a n c e s ,  to methods  
of p e r t u r b a t i o n  theory .  

In sec t .  2, we b r i e f l y  r e c a l l  some  b a s i c  p r o c e d u r e s  of f o r m a l  s c a t t e r i n g  
theory  and in t roduce  t r a n s i t i o n  o p e r a t o r s  which a r e  of a r a t h e r  s y m m e t r i c  
s t r u c t u r e .  T h e r e f o r e  they a r e  more  convenient  for  the fol lowing c o n s i d e r a -  
t ions  than the t r a n s i t i o n  o p e r a t o r s  g e n e r a l l y  used  in the l i t e r a t u r e  [7, 8]. 
F u r t h e r m o r e  we give the F a d d e e v - l i k e  equat ions  which they obey. Sect.  3 
is  conce rned  with the t r m l s f o r m a t i o n  of t he se  equat ions  to m u l t i - c h a n n e l  
L i p p m a n n - S c h w i n g e r - t y p e  equat ions.  In sec t .  4, we c o n s i d e r  the t h r e e -  
p a r t i c l e  b o u n d - s t a t e  p r o b l e m .  F i n a l l y  in sec t .  5, two s p e c i a l  c a s e s  of 
p h y s i c a l  i m p o r t a n c e  a r e  d i s c u s s e d  as  e x a m p l e s  where  our  equat ions  s i m p l i -  
fy cons ide r ab ly .  

* For our procedure it is only a matter of convenience to start  from Faddeev equa- 
tions. Especially it is useful, but not decisive, that these contain explicitly the 
transition operators of the subsystems instead of the potentials. 

** This is due to the fact that the kernel of the two-particle Lippmann-Schwinger 
equation is a Hilbert-Schmidt operator [7]. 
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2. TRANSITION OPERATORS AND F A D D E E V  EQUATIONS 

In the fo l lowing  we c o n s i d e r  t h r e e  d i s t i n g u i s h a b l e  p a r t i c l e s  * with two-  
p a r t i c l e  i n t e r a c t i o n s  

v a :  T~ij , i , j  : 1 , 2 , 3  ; ~ ~ i , ; ,  

V o e 0 . (2.1) 

B e s i d e s  the to ta l  H a m i l t o n i a n  

3 

H :  Ho + ~ Va : Ho + V , (2.2) 
a=l 

we i n t r o d u c e  channe l  H a m i l t o n i a n s  by 

H a = H  o +  V a ,  (2.3) 

the e i g e n s t a t e s  of which a r e  ca l l ed  I~a ,  rn ) 

H~ i % ,  rn ) = Earn I~a ,  rn) • (2.4) 

F r o m  t i m e - d e p e n d e n t  s c a t t e r i n g  theo ry ,  we d e r i v e  as  u sua l  ** the r e p r e -  
s e n t a t i o n  of the S - m a t r i x  fo r  the t r a n s i t i o n  f r o m  an i n i t i a l  c o n f i g u r a t i o n  
c h a r a c t e r i z e d  by the s t a t e  *** !~a ,  rn) to a f ina l  c o n f i g u r a t i o n  ! ~ ,  n ) 

S3n;arn l i ra  l i m  i (Ef in-  Earn)t( : e ~fl,n 1 (- ie)  G(Earn+iO I~'a, rn )" (2.5/ 
t - ~  E--~O 

H e r e  we have i n t r o d u c e d  the r e s o l v e n t  

G(z) = ( H - z )  -1 , 

which s a t i s f i e s  the (second)  r e s o l v e n t  equa t ions  

c(z)  : c~(z) - C~(z)V~c(z) , 

G(z) = Ca(z)  - C( z )VaCa(z )  , 

with 

G a ( z )  = ( H a - z )  -1  , 

Va= v -  r a :  ~ v ~ .  
y¢c~ 

I n s e r t i n g  now (2.8) in  (2.7), we get  

(2.6) 

(2.7) 

(2.s) 

(2.9) 

(2.10) 

* For the t reatment  of identical part icles and the inclusion of the Pauli principle,  
see ref. [8]. 

** For the basic concepts of multi-channel scattering theory, see e.g., ref. [9] . 
*** In the following we always assume ot ~ 0. We therefore do not consider the case 

of three incoming free part icles.  
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G (z) : 5~aG~(z ) - Gfl(z) U~a(z)Ga(z ) , (2.11) 

where  

U~a(z ) = -(1 - 5;.3a)(Ho- z) + V -  Y a - Vg+6t~aV a - V~G(z)V a . (2.12) 

The r e p r e s e n t a t i o n  (2.11) of the r e so lven t  G(z) allows us to p e r f o r m  the 
l imi t s  in (2.5). The r e su l t  

Szn; ~,~ = 59~6nm - 2~i 6(Egn - E a m ) (  ~ ,  n I Uga(Ea,~ ÷ iO) ]%,  m} (2.13) 

shows that the S - m a t r i x  is given by the " o n - t h e - e n e r g y - s h e l l "  m a t r i x  e l e -  
men t s  of the " t r ans i t ion  o p e r a t o r s "  U~,a(z ). 

With the help of the r e so lven t  eqs.  (2.7) or  (2.8), one immed ia t e ly  de r ives  
that they fulfill  the Faddeev - l i ke  equations 

Uj3o~ = -(1 - 6,ga)(H o -  z) - ~ TyGoUTa , (2.14) 
7¢t3 

o r  

uga = - ( 1 -  ~ga)(Ho-  Z ) - ~ UZ6GoT 6 , (2.15) 

which contain the poten t ia l s  only impl ic i t ly  in the t rans i t ion  o p e r a t o r s  of 
the t w o - p a r t i c l e  s u b s y s t e m s  

Ta = Vow- Vo~GaV ~ . (2.16) 

The Ufia a r e  r e l a t ed  to the o p e r a t o r s  

Mfia : 5~aV a - YfiGW a (2.17) 

cons ide red  by Faddeev  *, accord ing  to 

U Z a : - ( 1 - S Z a ) ( H  o - z )  + ~ ~ My 5 . (2.18) 
y¢~  6~a 

With r e s p e c t  to these  o p e r a t o r s ,  our Ufia have the advantage of leading m o r e  
d i r ec t ly  to the d e s i r e d  S - m a t r i x  e l emen t s ,  viz.  by (2.13). We note that the 
t r ans i t ion  Uds~(±) o p e r a t o r s  used,  e .g. ,  by Love lace  [7, 8] have the s a m e  ad- 
vantage.  Being r e l a t  to the U~a by 

Ut3 a = -(1 - 5/3a)(H a - z) + U(;2 

= - ( 1 - 5 ~ a ) ( H  f i -  z) + 4 - 2  ' (2.19) 

they coincide with them on the energy  shell .  Thus they can be inse r t ed  in 
(2.13) ins tead of Ufio ~ without a change of the resu l t .  On the o ther  hand, they 
a r e  l e s s  s y m m e t r i c  and fulfil l  in tegra l  equat ions which in con t r a s t  to the 
or ig inal  Faddeev  equations and to eqs.  (2.14) or (2.15) contain the potent ia ls  
V a expl ic i t ly  bes ides  the o p e r a t o r s  Ta. Since only the on-she l l  ampl i tudes  

* Cf. ref. [2], eq. (3.7). 



THREE-BODY PROBLEM 171 

a r e  n e e d e d  to d e t e r m i n e  the  S - m a t r i x  we m a y  u s e  the  m o s t  c o n v e n i e n t  off-  
s h e l l  c o n t i n u a t i o n s  of t h e m  which  the  Uga a p p e a r  to  be.  Indeed ,  p e r f o r m i n g  
c a l c u l a t i o n s  wi th  the  d i f f e r e n t  o p e r a t o r s  s h o w s  a t  once  the  a d v a n t a g e  of our  
c h o i c e  which  r e s u l t s  in c o n s i d e r a b l e  s i m p l i f i c a t i o n s .  E s p e c i a l l y  i t  i s  d e m o n -  
s t r a t e d  in s e c t .  3 tha t  the  F a d d e e v - l i k e  eqs .  (2.14) and (2.15) can  be  t r a n s -  
f o r m e d  v e r y  n a t u r a l l y  to  m u l t i - c h a n n e l  t w o - p a r t i c l e  L i p p m a n n - S c h w i n g e r  
e q u a t i o n s  * which  in l o w e s t  o r d e r  of p e r t u r b a t i o n  t h e o r y  r e p r o d u c e  L o v e -  
l a c e ' s  e q u a t i o n s .  [The  o r i g i n a l  L o v e l a c e  e q u a t i o n s  g i v e n  in r e f .  [8], eq.  (3.29),  
can  be  d e r i v e d  i m m e d i a t e l y  if the  s e p a r a b l e  a p p r o x i m a t i o n  u s e d  t h e r e  i s  i n -  
c o r p o r a t e d  in eq. (2.15)].  

We f u r t h e r m o r e  note  tha t  the  u n i t a r i t y  r e l a t i o n  fo r  U~a f o l l ow s  f r o m  re f .  
[7], eq. (132), if bo th  U~a(+) and Uric(-) a r e  r e p l a c e d  by Ugh. T h i s  r e l a t i o n  
can  thus  be  f o r m u l a t e d  by u s e  of only  one  o p e r a t o r .  In m o r e  d e t a i l  we ge t  
f o r  the  d i s c o n t i n u i t y  a c r o s s  the  r i g h t - h a n d  cu t s  

Uga(E +iE) - Ufia(E - iE) = -2~i Ugo(E + i e ) A o ( E  ) Uoa(E - ie) 

3 (2.20) 

-2~i ~ ~ U~y(E + ie)±rn(E) Ura(E - ie) , 
~=1 n 

w h e r e  A o and ATn a r e  the  p r o j e c t i o n  o p e r a t o r s  onto the  f r e e  t h r e e - p a r t i c l e  
s t a t e s  and the  s t a t e s  wi th  two p a r t i c l e s  bound  the t h i r d  one b e i n g  f r e e ,  
r e s p e c t i v e l y  [7]. 

In s e c t .  3, we of ten  u s e  the  m o m e n t u m - s p a c e  r e p r e s e n t a t i o n .  The  n o t a -  
t ion  c o i n c i d e s  wi th  the  one e m p l o y e d  in r e f .  [8]. We a l s o  a s s u m e  tha t  the  
t o t a l  m o m e n t u m  is  s e p a r a t e d  off, i . e . ,  the  e x p r e s s i o n s  c o n s i d e r e d  d e p e n d  
only on the  c e n t r e - o f - m a s s  m o m e n t a  P a  of the  t w o - p a r t i c l e  s u b s y s t e m s  and 
the  r e l a t i v e  m o m e n t a  q~ of the  r e m a i n i n g  t h i r d  p a r t i c l e s .  L e t  us  f u r t h e r -  
m o r e  r e c a l l  [cf.  r e f .  [8],  eq. (3.11)] t ha t  the  t r a n s i t i o n  o p e r a t o r  Ta a c t i n g  
on the  t h r e e - p a r t i c l e  s p a c e  is  r e l a t e d  to the  t w o - p a r t i c l e  T - m a t r i x  ** 

(Poe I 7~ce(z) I P~ ) = Tee(Pc, P'ce; z) by 

( p a ,  qa lTa(z)[p 'a ,q 'a)  = 6(qa-q '~) (pce l :Fa(z -q2) Ip 'a )  . (2.21) 

3. MULTI-CHANNEL TWO-PARTICLE LIPPMANN-SCHWINGER 
EQUATIONS 

The equations (2.14) can be written in the form 

F = ! - ITF. (3.1) 

H e r e  the  F ,  ! and T a r e  m a t r i c e s ,  the  e l e m e n t s  of which  r e p r e s e n t  o p e r a t o r s  
in the  H i l b e r t  s p a c e  

* In this r e spec t  it is of importance that eqs. (2.14) or  (2.15) show a l ready the sym-  
metr ic  s t ruc ture  of these equations. 

** In the following hats on opera tors  indicate that these act in the two-par t i c le  space.  
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F/~ a = GoUi3aGo,  (3.2) 

I3a  = -(1 - 53a) G O , (3.3) 

T ~ a  = -53( 2 T a . (3.4) 

Eq. (3.1) shows the s a m e  a l g e b r a i c  s t r u c t u r e  as  the t w o - p a r t i c l e  r e s o l v e n t  
equat ion.  Thus  we can t r a n s f e r  the p r o c e d u r e  used  by W e i n b e r g  to handle  
this  equat ion.  E s p e c i a l l y  we m a y  p r o c e e d  in a m a n n e r  s i m i l a r  to eqs.  (2.11)- 
(2.17) of ref .  [6]. 

We s t a r t  by sp l i t t ing  2(2 into two p a r t s  

2(2 : ~ + 2'(2 , (3.5) 
^ S  w h e r e  T(2 is a sum of s e p a r a b l e  t e r m s  of the f o r m  

~s(~) : _ ~  1(2, ,~;~> t(2, ~(~) < ~ , - - ~  (3.6) 
m 

F o r  each  bound s ta te  or  r e s o n a n c e  of the s u b s y s t e m  we shal l  take one s e p -  
a r a b l e  t e r m .  However ,  it is  i m p o r t a n t  to not ice  that  we may  add to 7~s a 
f u r t h e r  s e p a r a b l e  t e r m s  in o r d e r  to get  a suf f ic ient ly  sma l l  * n o n - s e p a r a b l e  

^ T  

r e m a i n d e r  T(2. 
In g e n e r a l  the " f o r m  f a c t o r s "  g(2, rn(P(2;z) = (p(21(2, r e ; z }  may  depend on 

z.  H o w e v e r ,  i f  they c o r r e s p o n d  to bound s t a t e s  I~P(2, m} be longing  to the 
e igenva lues  E(2 m < 0, they have to fulf i l l  

1(2,~;z = i}(2m> = v ~ l % ,  m> • (3.7) 

Note t h a t ( ~ l  is not r e q u i r e d  to he the adjoint  of In, r e ; z} .  Eq. (3.5) 
imp l i e s  that  in the t h r e e - p a r t i c l e  space  we get  the s a m e  s e p a r a t i o n  

? 

7~ : T s + T ~ ,  (3.8) 

where ,  a c c o r d i n g  to eq. (2.21), 

! f 

( Pa '  q a  ] T S ( z ) ] P a '  q a  } (3.9) 

q(2)' g(2, m ( p a ;  2 ta ' 2 ga,-* , q2 )  = - 5 ( q  a - ~ z - q(2) m ( z  - q a  ) re(p(2; z - $ 

In wr i t ing  { -~ml (2 ,  m; z ) t a  m ( z ) ( ~ l  } in the fo l lowing it is a lways  to be 
u n d e r s t o o d  that  i ts  m o m e n t u m - s p a c e  r e p r e s e n t a t i o n  has  the f o r m  (3.9). 

The  sp l i t t ing  (3.8) now al lows to wr i t e  (3.1) in the f o r m  

F = I - I T  s F - I T ' F  , (3.10) 
f 

w h e r e  T s and T '  a r e  m a t r i c e s  given by (3.4) with T s and T(2 ins tead  of T(2, 
r e s p e c t i v e l y .  If we def ine  F '  as  the so lu t ion  of 

* More precisely,  due to the fact that Tot(z)Go(z) is a Hflbert-Schmidt operator for 
square-integrable potentials and Im z # 0, the Schmidt norm of T~(z)Go(Z) can be 
made arbitrari ly small. 
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F'  = I - I T '  F '  , (3.11) 

we have, mult iplying this equation with (1 - T s F) f r o m  the r ight ,  

1~= I - I T S  F - I T '  F .  (3.12) 

H e r e  the abbrev ia t ion  

/~ = F ' (1  - T S F )  (3.13) 

has been used. Compar ing  (3.12) with (3.10), we conclude 

_~= F , (3.14) 
which impl ies  the impor tan t  r e su l t  

F = F ' - F '  T S F .  (3.15) 

Inser t ing  the defini t ions (3.2)-(3.4) in (3.15) and r e m e m b e r i n g  (3.6) or  (3.9) 
y ie lds  the following in tegra l  equation for  U3a: 

GoE~aG o = G o ' g a G  o - 2 GoU'37GolY,r)  t y , r ( ~ -  ~ iGoUyaGo , (3.16) 

where  accord ing  to (3.11) U'~a is given by 

U' : - ( 1  - z ) -  ~ T ' G o U '  (3.17) Ha - 6~33)(H° 7¢~ 7 73 " 

Let  us now cons ider  the case  ~ ¢ 0, i.e. the case  of e las t ic  or r e - a r r a n g e -  
ment  col l i s ions  *. Defining the " t r ans i t ion  ampl i tudes"  

Xi3n, am(Z) : ( ~ I Co(Z) U3a(Z)G o(Z ) [a, m; z)  , (3.18) 

we find f r o m  (3.16) (see fig. 1) 

Xi3n, a m =  Zfin, a m - ~ Zi3n, T r t y r X ~ r , a  m , (3.19) 

where  the gene ra l i zed  "poten t ia l s"  Z/3n, a m  a r e  given by (see fig. 2) 

zgn ' am(z) : Go(Z) J3a(Z)Go(Z) [a, m; (3.20) 

If, on the other  hand, ~ des igna tes  the channel of t h ree  f r ee  p a r t i c l e s  (3 = 0, 
b r e a k - u p  p r o c e s s e s ) ,  we int roduce the t r ans i t ion  ampl i tudes  

X p l  , am (z) = - ( P l  [Uoa(Z)Go(Z)[ a, m; z)  (3.21) 

and the e x p r e s s i o n s  (see fig. 3) 

Z p l  , am(z )  = - ( P l [  Uoa(Z)Go(Z) l a, re;z)  (3.22) 

to de r ive  again f r o m  (3.16) an equation analogous to (3.19) (see fig. 4): 

X p l , a  m = Z p l , a  m -  E Z p l , Y r t y r X y r ,  am . (3.23) 
3/,7z 

* Recall the third footnote in sect. 2. 
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" V  

- • 

~',r r 

Fig. 1. The integral equation (3.19) for the elastic and re-arrangement scattering 
amplitudes. 

a - n y~8 

Fig.. 2. Graphical form for the integral equation (3,17) for the generalized "potentials" 
(the semicircles indicate the form faetors). 

Y 
m ~  _ m-(I U ~  =rn=(I + ,~- :.(.1__(0~(~ - 
C{ (2 (7- - 

Y 
Fig. 3. The expressions ZPl,Ozrn to be determined from eqs. (3.22) and (3.17) in graph- 

ical form. 

Fig. 4. 

Y 

Y,r r 
Graphical representation of eq. (3.23) that yields the break-up amplitude by 

means of the bound-state scattering amplitudes. 

Of course ,  this is not an integral  equation. Instead,  it yields immediately  
the b reak-up  ampli tudes once the amplitudes for e last ic  and r e - a r r a n g e m e n t  
col l is ions a re  calculated f rom the integral  equation (3.19). 

It should be s t r e s s e d  that the quantities occur r ing  in eqs. (3.19) and (3.23) 
a re  still ope ra to r s  * acting on the plane wave states  Iqa}. We recognize  
that (3.19) has the fo rm of a mul t i -channel  two-par t i c le  Lippmann-Schwinger  
equation, the Z;~ n am and the t~j playing the role of potentials and of f ree  

, , r  note that for Io~,m;z} and Ifi,n;z} propaga to r s ,  respect ively .  F u r t h e r m o r e  we 
belonging to bound s ta tes ,  according to (3.7) we get 

=5(Efin-Ec~m){qfilX~n, cem(Ec~m +iO) ]qc~), (3.24) 

with Earn = q2  +/~am, /~am < 0. (A s imi la r  resul t  holds, of course ,  in the 
case  ~ = 0.) That is,  the X~n am (or Xp.  am) yield immedia te ly  the t r an -  
sit ion ampli tudes n e c e s s a r y  ~or the calculat ion of the S -ma t r ix  f rom eq. 
(2.13). In other  words ,  the t h r ee -pa r t i c l e  coll is ion problem is reduced to 
the solution of the two-par t i c le  Lippmann-Schwinger  equations (3.19) which, 

* Recall especially eq. (3.9). 
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after angular momentum decomposition, represent a system of one-dimen- 
sional integral equations. The following difference with the two-particle 
case should be noted. Here the application of the Schmidt method yields 
purely algebraic equations for the transition amplitudes. We are left with 
one-dimensional integral equations in the three-particle case because the 
splitting of the kernel into separable and non-separable parts is only per- 
formed in the subsystem transition operators; i.e., we have not taken into 
account that the square of the Faddeev kernel is a Hilbert-Schmidt operator 
which could be approximated by terms which are completely separable in 
all the momentum variables * 

In order to find the generalized potentials needed in eqs. (3.19) and (3.23), 
we have to solve eq. (3.17) which shows the same complicated structure as 
the original Faddeev-like eq. (2.14). However, because eq. (3.17) contains 
only the non-separable part T~ of T a we may approxmlate U/3 a by iterating 
this equation. We recall [cf. the discussion following eq. (3.6)] that T~ can 
be made small enough to assure rapid convergence of this iteration. 

In lowest order we get ** 

U'~(O)(z) = - (1 - 53a)(H o - z )  , (3.25) 

i .e .  

Z~n,(O) am(z  ) = _ ( 1 -  5 3 a ) ( ~ / G o ( Z  ) ia, m ; z )  , (3.26) 

z(pOd, am(Z ) <Pl  m ; ,  z) (3.27) 

j u s t  r e p r o d u c i n g  the L o v e l a c e  equa t i ons  [ ref .  [8], eq. (3.29)]. 
The next  s tep  in the i n t e r a t i o n  y i e l d s  for  ~ a  an add i t iona l  t e r m  

G T'  (z) . 
7 y+a, 9 

A second  i t e r a t i o n  r e s u l t s  in 

yea ,  

g /J 
7 ~  P¢oG 7 

T 

z (2) = E <piITrCo] , > Pl, am 
7¢a 

+ ~  ~ ( P l l T ' G o T ' G o l a ,  m ) . (3.29) 
T P 

y P#-a, T 
* To proceed in the la t ter  way would represent  an alternative version of application 

of the Schmidt method [6]. Since it is ra ther  difficult to find good completely sep- 
arable approximations, we did not follow this procedure. 

** In this approximation the inhomogeneous term of (3.23) vanishes on the energy 
shell, of course. 
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(The approximat ions  (3.28) and (3.29) a re  depicted in figs. 5 and 6.) 

fl m ~V .13 P .- l"J 

Z(Z )  
r n ~  

Bn,am c¢ I)= n ÷ ~ ~ n  /--- /--- (T~ D=n 
y . a . B a  y . B  p .a ,y  a ~' 

Fig. 5. The generalized potentials approximated up to second order [cf. eq. (3.28)]. 

Z(2) =m==Q + ~ -  m + 
Pl . a m  ct ~ L .  ct ~,,a y 

Fig. 6. Eq. (3.29) in graphical form. 

4. THREE-PARTICLE BOUND STATES 

An integral  equation for the t h r ee -pa r t i c l e ,  bound states  I~P,), belonging 
to the eigenvalues E~, can easi ly be der ived f rom (3.16). Due to the fact  
that U3a has a pole for  z = E ,  < 0, it follows that 

Co(E.)v ~ I~.> : -Co(E .) ~ V'~(E.)Co(E.)Iv, r; E.) 

Let  us define 

× ~, r(E) <~, ,-; E ~  I Go(E .) V~ I~. ) (4.1) 

IQ~'rn> = / , rn(E~)<a,m;Ev[Go(Ev)~al~P,)  , (4.2) 

which is still a vec tor  in the Hilbert  space spanned by the plane wave s ta tes  
I qa)"  Inser t ing this definition into (4.1), we find (take a = 0 and reca l l  

Vo:~O 

I~ , )  : ~ Co(E~)U'oy(E~)Go(E,)I7,r;E,)IQ~ 'r  ) . (4.3) 

F u r t h e r m o r e ,  f rom (4.1) and (4.2), we der ive 

Qua'm) = -ta, m(Eu) y , r  ~ Z am,yr(Eu)  ]q~'r)  " (4.4) 

This integral  equation fixes the eigenvalues E ,  and the vec to rs  I m > 
which yield, by means  of (4.3), the s ta tes  [~P,). In other words,  the th ree -  
par t ic le  bound-s ta te  problem is reduced in the same manner  as the s c a t t e r -  
ing problem to a one-dimensional  integral  equation. Inser t ing the lowest-  
o rder  approximat ion for  Zam,fin,  given by (3.26), we reproduce  a resul t  
given by Phi l l ips  for separable  potentials  [cf. ref. [10], eq. (4.6]. But of 
course ,  as in the sca t te r ing  case,  our f o r m a l i s m  allows for  non-separab le  



THREE-BODY PROBLEM 177 

c o r r e c t i o n s  to the ca lcula t ion  of the bound-s t a t e  energy.  
The cons ide ra t ions  of this  sec t ion  and of the p rev ious  one a r e  based  on 

the spl i t t ing of the t w o - p a r t i c l e  t r ans i t ion  o p e r a t o r s  into the i r  s e p a r a b l e  
and n o n - s e p a r a b l e  p a r t s .  This  p r o c e d u r e  is,  of cour se ,  not unique. Seve ra l  
f o r m s  have been p roposed ,  e.g. by Love lace ,  fo r  the choice of the s e p a r a b l e  
p a r t s  TS(z) [cf. ref .  [8], eqs. (2.54), (2.63) and (2.64)]. A m o r e  s y s t e m a t i c a l  
t r e a t m e n t  has  been put f o r w a r d  by Weinberg  [3-5] using the Schmidt method.  
As we have a l r eady  pointed out, this  p r o c e d u r e  is f o rma l ly  ident ical  with 
ours  if we r ep l ac e  F,  I and T in (3.1) by the t w o - p a r t i c l e  o p e r a t o r s  G, G o 
and V, r e spec t ive ly .  By this method we get in the gene ra l  case  ins tead of 
(3.6) the m o r e  compl ica ted  f o r m  

TS(z) = - ~ [a, m;Z)tc~ ,mn(z)(~,--~5~5 ] , (4.5) 
/T/,n 

which, n e v e r t h e l e s s ,  by a sl ight modif ica t ion  can be i nco rpo ra t ed  ]n our 
f o r m a l i s m ,  developed in sect .  3. Note that  in the " ideal  choice" [4] eq. (4.5) 
r educes  to eq. (3.6). 

Other  methods  for  spl i t t ing V into a s e p a r a b l e  and a n o n - s e p a r a b l e  pa r t  
have been p roposed  by Sugar  and Blankenbec le r  [11], by Noyes [12], by 
Kowalski  [13] and by Mongan [14]. F inal ly  we note that t h r ee -body  f o r c e s  
can eas i ly  be inco rpora t ed  in our equat ions in a manne r  de sc r ibed  in re f s .  
[lO, 15]. 

5. SPECIAL CASES 

We would l ike to d i s cus s  now two spec ia l  c a s e s  of our eqs.  (3.19) and 
(3.23) for  which the equat ions for  the "po ten t ia l s"  b e c o m e  ve ry  s imp le  

(i) Le t  one two-body ampl i tude  be f o r m a l l y  spl i t  into a s e p a r a b l e  and a 
n o n - s e p a r a b l e  p a r t  (for def in i teness  we cal l  this  channel a = 1). The r e m a i n -  
ing two ampl i tudes  a r e  supposed to be n o n - s e p a r a b l e  Tfi = T'~, ~ ¢ a, and 
" s m a l l "  in the sense  that  it might  be r e a s o n a b l e  to keep only f i r s t  o r d e r  
t e r m s  of them *. Thus,  the r e l evan t  po ten t ia l s  a r e  given by eqs. (3.28) and 
(3.29). T h e r e f o r e  the s c a t t e r i n g  ampl i tude  b e c o m e s  v e r y  s imp le  (fig. 7a) 

3 
Xln,lm( ) E (5.1) 

y=2 
Since, as a l ready  ment ioned,  ( q l [  z(pO),am Iqa) van i shes  on the ene rgy  shel l ,  
we find for  the on-she l l  b r e a k - u p  ampl i tude  (see fig. 7b). 

* An interesting example of this situation is provided by the elastic and inelastic 
electron-deuteron scattering. 
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¥ 

y=2,3 

Y Y 
m - m m 

y=2.3 ¥=2,3 

Fig. 7. Graphical representation of a) the bound-state scattering amplitudes (5.1) . 
b) the break-up amplitude (5.2). 

X p l , l m ( Z  ) .~- E (P l  ] TVy(Z)Go (z) ]1,re;z> 
y ¢ l  

E E g l ,  r ( P l ;  z) t l ,  r(z) ( 1 ,  r;~lGo(Z)T'y(z)Go(Z)ll , m ; z )  

7¢1 r 

E ( Pl [TTI(Z)Go(Z)T'y(Z)Go (z) ll' m; z} 
y¢1 

E <pl lT'~(~)Co(~)]i,.,;~> 
7¢1 

+ ~ <Pl  [Tl(Z)Go(Z)T'y(Z)Go(Z) I I 'm; z )  . (5.2) 
y ¢ l  

H e r e  T 1 is the full ampl i tude  of the a = 1 subsys t em.  Note that this r e su l t  
is  c o r r e c t  up to f i r s t  o rde r  m the sma l l  amplztudes T2, and T 3. It leads  to 
a type of spec t a to r  model  with final s ta te  in teract ion.  [ T h i s  r e su l t  a lso  
fol lows,  of cour se ,  d i rec t ly  f r o m  eq. (2.14).] 

(ii) Le t  us now a s s u m e  that all two-body potent ia ls  a r e  s e p a r a b l e ,  one of 
them,  viz.  V3, contains  an addit ional n o n - s e p a r a b l e  p a r t  V~. To all o r d e r s  

' " ~ " b in the co r re spond ing  ampl i tude  T3, the g e n e r a h z e d  potentiS]s a r e  given y 
[cf. eqs. (3.28) and (3.29)] 

+ (I - 6~3) ( i  - 5 ~ 3 ) ( ~ , ~  !Go(Z)T'3(z)Go(Z.)l a, m; z> , (5.3) 

Zpl ,am(z)  = ( P l  I a, m; z) - (1 - 6 a 3 ) ( P l  I T'3(z)Go(Z)la, m; z) . (5.4) 

They a r e  g raph ica l ly  shown in f igs .  8a and b, r e spec t ive ly .  Inser t ing  these  
e x p r e s s i o n s  in (3.19), we get in tegra l  equat ions for  the e las t ic  and r e -  
a r r a n g e m e n t  ampl i tudes  which a r e  depic ted  in fig. 9a. The co r r e spond ing  
(on-shel l )  b r e a k - u p  ampl i tude  given by (3.23) is shown in fig. 9b. These  
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cL n '= a D=n . ~ m  
( l  kl~ u= n 

3 

Cl. - (2 Cl[ 

Fig. 8. The exact generalized "potentials" when T' 1 = T 2' 0, a) for bound-state scat-  
tering, b) for composite particle disintegration, (cf. eqs. (5.3) and (5.4), respectively) 

Y.r Y 

zii,;  ° 
n a 

y , r  Y 

¢t Q 
y . r  Y,r Y 

Fig. 9. Diagrams for a) the bound-state scattering amplitude and b) the break-up 
amplitude discussed in subsect. 5(ii). 

equat ions  p e r m i t  e.g. to i n c o r p o r a t e  Coulomb c o r r e c t i o n s  to p r o t o n - d e u t e r o n  
s c a t t e r i n g  which had to be neg lec ted  [101 p r e v i o u s l y  in ca l cu la t ions  with the 
L o v e l a c e  equat ions .  

6. CONCLUSIONS 

We have p r o p o s e d  a s y s t e m a t i c a l  and exac t  t r e a t m e n t  of t h r e e - p a r t i c l e  
b o u n d - s t a t e  s c a t t e r i n g  including b r e a k - u p  r e a c t i o n s .  O n e - d i m e n s i o n a l  
L i p p m a n n - S c h w i n g e r - t y p e  i n t e g r a l  equat ions  have been wr i t t en  down for  
the r e l e v a n t  ampl i t udes .  The g e n e r a l i z e d  po ten t i a l s  o c c u r r i n g  in them a r e  
to be found by solving F a d d e e v - t y p e  equat ions  which, however ,  can be ap-  
p r o x i m a t e d  by a few t e r m s  of a Born s e r i e s  expansion;  e.g. w h e r e a s  the 
o r ig ina l  F a d d e e v  equat ions ,  though so lvab le  in p r i n c i p l e ,  r e v e a l  nea r ly  
unsu rmoun tab l e  ca l cu l a t i ona l  d i f f i cu l t i e s ,  our app roach  admi t s  the use  of 
the methods  of p e r t u r b a t i o n  theory .  Dep ic ted  in f o r m  of d i a g r a m s ,  the 
phys i ca l  meaning  of our s u c c e s s i v e  a p p r o x i m a t i o n s  b e c o m e s  t r a n s p a r e n t .  
t taving d e t e r m i n e d  the g e n e r a l i z e d  po t en t i a l s ,  our o n e - d i m e n s i o n a l  i n t eg ra l  
equat ions  can be so lved  by s t anda rd  methods .  In p a r t i c u l a r ,  the Schmidt  
method could be app l ied  once m o r e  to r educe  them to p u r e l y  a l g e b r a i c  equa-  
t ions .  
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