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We show that under certain conditions a simple relationship exists between the elastic scattering
composite halo nucleus and of its core from a stable target. The coupling of the elastic and proje
excitation channels is crucial to the analysis, which is particularly useful when the ratio of the halo
the core mass is small. In the case of11Be elastic scattering the cross section relationship is quite we
satisfied. For both11Be and 19C our analysis reveals a significant sensitivity of elastic scattering da
to the halo size and structure. [S0031-9007(97)03995-1]
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The existence of a class of light nuclei with a local
ized central core surrounded by a dilute “halo” of neutro
matter is now well established. Evidence for these nov
structures has been gained mainly from measurements
total neutron removal [1] and breakup reaction cross se
tions [2–4], particularly at high energy. We investigat
to what extent complementary information can be gaine
from high quality elastic scattering measurements at low
energies.

In this Letter we show that, in certain circumstance
the elastic scattering of a halo nucleus from a stable targ
can give simple direct evidence for the structure of th
halo. The theory makes explicit use of the characteristi
of halo nuclei, namely their very small neutron separatio
energy and the large spatial extension of the halo, whi
in turn result in strong coupling between the halo groun
state and low energy excitations. This coupling of th
elastic and projectile excitation channels plays a cruc
role in the analysis, the results of which cannot b
readily understood in terms of optical or folding mode
approaches. In elastic scattering, the analysis is expec
to be particularly useful in systems where the ratio of th
halo particle mass to the core mass is small.

We consider the scattering of an assumed two-bo
projectile nucleus, composed of a core of massmc and
a valence particle of massmy, by a third (target) nucleus
of massmT . It is assumed that these three bodies a
spinless and structureless, although these are not esse
assumptions. Two key conditions must be met, howev
for the subsequent development to be a useful one:

(i) The interaction between the core and target (VcT )
should be effectively much stronger than that between t
valence and target particles (VyT ).

(ii) The relative motion of the core and valence particle
is slow compared to the relative motion of the center o
mass of the projectile and target, and so can be trea
adiabatically, in the spirit to the work of Johnson an
Soper [5].

Requirement (i) places limitations on the likely re
gions of applicability of our model. In strong interaction
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dominated processes, it is likely to be most valid whe
the number of nucleons in the core far exceeds that
the valence body. For11Be elastic scattering, where this
ratio is 10:1, the assumption will be seen to be a go
starting point for small scattering angles. Requireme
(i) could also be approached in Coulomb dominated p
cesses when the core is charged and the valence par
is neutral, as is typical in halo nuclei. These Coulom
dominated processes will be considered elsewhere. C
dition (ii) is expected to be satisfied for sufficiently hig
incident energy and is consistent with the weak binding
halo nuclei.

We first show how assumptions (i) and (ii), withou
further approximations, lead to a very transparent re
tionship between the elastic scattering differential cro
sections of (a) the composite two-body halo projectil
and (b) its core, from the target nucleus.

In the absence of the valence particle-target interact
(VyT ­ 0), the equation satisfied by the three-body sca
tering wave functionC

s1d
K sr, Rd, corresponding to the in-

cident projectile with momentumK in the projectile-target
center of mass (c.m.) frame, is

fTR 1 VcT sR 2 aycrd 1 Hyc 2 EgCs1d
K sr, Rd ­ 0 .

(1)

HereHyc is the internal Hamiltonian for the valence-cor
system,R is the projectile-target separation, withTR the
corresponding kinetic energy operator, andr is the core to
valence particle relative coordinate. The quantityayc ­
myysmy 1 mcd, andRcT ­ R 2 aycr is the core-target
separation vector. The wave functionC

s1d
K sr, Rd satisfies

scattering boundary conditions of the form

C
s1d
K sr, Rd ­ f0sr d eiK?R 1 outgoing waves, (2)

where the outgoing waves describe elastic scattering
excitations of the projectile. The ground state wav
function of the projectilef0sr d satisfiesHyc f0srd ­
2´0 f0srd.

The adiabatic assumption (ii) means that we can repla
Hyc in Eq. (1) by a constant. This is chosen to be2´0.
© 1997 The American Physical Society 2771
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The corresponding approximate three-body wave functi
C

s1dAd
K now satisfies

fTR 1 VcT sR 2 aycrd 2 E0gCs1dAd
K sr, Rd ­ 0 , (3)

where E0 ­ E 1 ´0 ­ h̄2K2y2m is the incident c.m.
kinetic energy andm is the projectile-target reduced mass
A consequence of the adiabatic assumption is thatr is
now just a parameter in Eq. (3) and, becauseVyT ­ 0, R
and r appear only in the combinationR0 ­ RcT ­ R 2

aycr. Equation (3) is therefore simplified by transformin
to this variable. A solution of Eq. (3) is therefore
x s1d

K
sR0d multiplied by an arbitrary function ofr, where

x s1d
K

satisfies the Schrödinger equation

fTR0 1 VcT sR0d 2 E0gx s1d
K

sR0d ­ 0 , (4)

with outgoing wave boundary conditions. Choosing th
multiplicative function so that the adiabatic wave functio
satisfies Eq. (2) as well as Eq. (3) gives [6,7]

C
s1dAd
K sr, Rd ­ f0sr d eiaycK?rx s1d

K
sR0d , (5)

Clearly x s1d
K

describes the scattering of a particle o
massm from the potentialVcT and corresponds to a mode
in which the projectile is pointlike. We emphasize tha
the three-body wave function, Eq. (5), includes break
components and excitations to any bound states as
clear from its complicated dependence onr, through
the argumentR0 of x s1d

K
and the exponential factor

expsiaycK ? rd.
The elastic scattering transition amplitude for the pr

jectile, from initial stateK into final stateK 0, is

TelsK 0, Kd ­
Z

dr
Z

dRfp
0 sr de2iK 0?R

3 VcT sR 2 aycr dCs1d
K sr, Rd . (6)

Using the adiabatic approximation toC
s1d
K , Eq. (5), and

making the change of variable fromR to R0 this factorizes
as

TelsK 0, Kd ­

∑Z
dr jf0sr dj2eiaycsK2K 0d?r

∏
3

∑Z
dR0e2iK 0?R0

VcT sR0dx s1d
K

sR0d
∏

. (7)

The same result is obtained by examining the asympto
form of Eq. (5) in the elastic channel. The second integr
here is just the transition amplitudeTptsK 0, Kd for a point
projectile scattering from the core-target potentialVcT .
Thus, the effects of projectile excitation and structure ari
entirely through the first integral, the form factor

FsQd ­
Z

dr jf0sr dj2 expsiQ ? rd , (8)

whereQ ­ aycsK 2 K 0d. Q can be identified with the
momentum change suffered by the valence particle in t
scattering event (ignoring small binding effects).

The corresponding elastic scattering differential cro
section is therefore
2772
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wheresdsydVdpt is the cross section for a point projec-
tile, with massm, scattering by the core-target interac
tion. This quantity is therefore very closely related to th
experimental projectile core-target elastic scattering. Th
importance of Eq. (8) is that it clarifies the relevant sca
tering angles and incident energies at which a halo, of
given size and structure, will be manifest as a deviatio
from the scattering due to a point projectile.

Equation (9) is reminiscent of factorizations which oc
cur in electron scattering when using Born approximatio
and approximate distorted wave theories. Note, howev
that the present analysis does not involve Born approx
mation in any sense, and only if all intermediate states a
included do the second and higher order terms in the Bo
series factorize in this way. The same argument obtai
for the factorization of the wave function in Eq. (5).

An alternative derivation of Eqs. (5) and (9) base
on an integral equation formulation will be presente
elsewhere [6]. In the same reference we also exami
the validity of the adiabatic approximation (ii) when
assumption (i) is also valid.

We present form factorsjFsQdj2 and cross section
angular distributions for11Be 1 12C and 19C 1 12C
elastic scattering, effective three-body10Be 1 n 1 12C
and 18C 1 n 1 12C systems. 11Be is a good example
of a binary, 10Be 1 n, single neutron halo nucleus and
19C is also a single neutron halo candidate [8]. Bot
systems have smallmyymc ratios. For11Be 1 12C, there
are preliminary small angle elastic scattering data [9] fo
both the10Be core and the11Be composite, but at energies
of 59.4 and 49.3 MeVyA, respectively. Ideally these data
are required at the same energy per nucleon to provi
the necessary information onVcT , which is an essential
ingredient in the context of Eq. (9).

For 11Be the wave functions were taken to be pur
2s1y2 neutron single particle states, with separation ener
0.503 MeV, calculated in a central Wood-Saxon potenti
[10]. By changing the binding potential geometry, we
generate11Be composites with different rms matter radi
and hencejFsQdj2. For 19C the ground state structure is
presently uncertain with speculations of it being a pur
2s1y2 state,1d5y2 state, or a linear combination of such
configurations [11]. The neutron separation energy w
0.240 MeV.

According to Eq. (9) the form factorjFsQdj2, which
multiplies the point particle cross section, reflects th
modifications to the scattering due to the composite natu
of the projectile. In Fig. 1 we first show these calculate
jFsQdj2, as a function of c.m. angle, appropriate for th
elastic scattering of11Be (upper part) and19C (lower
part) from 12C at 49.3 and 30 MeVyA, respectively.
These energies are relevant to recent experiments w
these beams. These calculations demonstrate clea
the sensitivity of the formfactor to the halo properties
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FIG. 1. CalculatedjFsQdj2, as a function of c.m. scattering
angle for the elastic scattering of11Be (upper part) and19C
(lower part) from12C at 49.3 and 30 MeVyA, respectively.

Conversely, they reflect the information available from
halo nucleus elastic scattering data on the halo-co
relative motion wave function. For11Be, the halo is seen
to result in a reduction in the elastic differential cros
section by a factor of between 2 and 4 at 20±, compared
to that for point particle scattering. There is also
significant sensitivity to the assumed rms separation of t
valence and core particles. For19C, the jFsQdj2 which
result from a pure2s1y2 (solid curve) or1d5y2 (dashed
curve) neutron state are shown. The departures fro
point particle scattering are predicted to be significant
different for a 2s1y2 and 1d5y2 valence neutron, with
almost a factor of 2 difference in the cross sections at 20±.
We note that, although the leading term in the expansi
of the formfactor aboutQ ­ 0 gives a deviation from
unity proportional to the mean squared separation of t
core and valence particles in the projectile, the values
Q which enter in the examples above are such that th
leading order term is inadequate and there is sensitiv
in the FsQd to higher order moments, except at the ver
smallest angles.

These conclusions, and the factorization into a poi
particle cross section and formfactor in Eq. (9), assum
the dominance ofVcT , our assumption (i). For such
three-body systems full quantum mechanical calculation
which make the adiabatic approximation, assumption (i
but which do not make the additional assumption (i
concerning the dominance ofVcT , can also be performed
[12]. These use the10Be 1 12C optical potentialVcT
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of [10], which is consistent with the available data a
59.4 MeVyA. When included, the valence particle-target
i.e., neutron1 12C, optical potentialVyT is that tabulated
in [13].

Figure 2 shows the calculated elastic differential cros
section angular distributions (ratio to Rutherford) fo
11Be 1 12C scattering at 49.3 MeVyA. The dashed
curve shows the point projectile differential cross sectio
sdsydVdpt calculated using the core-target potentia
The dot-dashed curve shows the calculated cross sect
in the no excitation limit, which means using the folding
model interaction for the projectile. The similarity of the
folding and point particle calculations makes clear tha
the effects associated simply with folding the core an
valence particle interactions over the size of the halo a
relatively minor, and that the multiplicative form factor,
shown by the short dashed line (the 2.9 fm rms case
Fig. 1) is associated principally with the large projectile
excitation effects. The product of the point cross sectio
and formfactor, the calculation making assumptions (
and (ii), produces the solid line, which is to be compare
with the full adiabatic model calculation [assumption (ii)
only], including VnT , shown by the full circle symbols.
The agreement is reasonable and suggests the domina
of VcT , although the effects of the valence neutron-targ
interaction are not negligible.

We observe therefore that halo nucleus elastic scatteri
angular distributions are strongly affected by projectile ex
citation channels and the spatial size of the halo. Howeve
these effects are principally manifest simply through a mu
tiplicative formfactor, dependent only on the halo groun
state wave function and which multiplies the cross sectio
due to point particle scattering by the interaction due t

FIG. 2. Calculated elastic differential cross section angula
distributions (ratio to Rutherford) for11Be 1 12C scattering at
49.3 MeVyA. The curves are discussed in the text.
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FIG. 3. Calculated elastic differential cross section angul
distributions (ratio to Rutherford) for11Be 1 12C scattering at
49.3 MeVyA calculated using the adiabatic approximation an
including the neutron-target interaction.

the core. The latter can be highly constrained empirical
if high quality data for the core system are also availabl
In final quantitative studies, it may be important to includ
also the interaction of the valence particle. This is no
a difficulty since exact adiabatic calculations, without th
additional assumption (i), are possible for both two- an
three-body projectile systems [12,14]. In Fig. 3 we sho
the results of such adiabatic calculations for11Be 1 12C
scattering at 49.3 MeVyA. These include the neutron
target interaction and correspond to the four11Be wave
functions with different rms radii discussed in connectio
with Fig. 1. The data are from [9]. We note that the
behavior of the cross sections expected on the basis
the formfactors of Fig. 1, and the insight they provide
remain clearly evident and that data are now reaching
quality where elastic scattering data could indeed yie
independent information on halo structures.
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