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Abstract: It is pointed out that in a generalization of the Watanabe model of the deuteron optical 
potential in which energy-independent, non-local nucleon optical potentials are averaged over 
the deuteron internal wave function, the resultant non-local deuteron potential is found to have 
a range of non-locality very close to one-half of the range of non-locality of the nucleon optical 
potential. This in turn implies that an equivalent energy-dependent, local deuteron optical 
potential may be obtained by averaging the local equivalent of the nucleon optical potential, 
evaluated at half of the incident deuteron kinetic energy, over the deuteron ground state. 
The relevance of these results to deuteron elastic scattering is discussed. 

1. Non-local deuteron optical potential 

We start by considering the dominant term in the real part of the deuteron optical 

potential le3), the potential formed by folding the sum of the neutron and proton 

optical potentials into the deuteron wave function. This is the well-known Watanabe 

model 4), but we shall here assume that the nucleon potentials are non-local and have 

the form + 

+,I u,lG = H(lr,-r~l)U(3(r,+r~)), a = n, p, (1) 

where r, is the coordinate of nucleon ti relative to the target. Here, H is a peaked 

function having a range characterized by a length /I, and normalized so that 

s dsH(s) = 1. (2) 

The non-local Watanabe potential is 

<RI U,IR’) = 1 dr dr’cj(r)(Rrl U, + Uplr’R’)4(r’), (3) 

where d(r) is the internal wave function of the deuteron, assumed to be pure S-state, 

and r = r,-rp and R = +(vni-rp). Extracting the J-functions from the potential 

matrix elements, e.g. for neutrons, 

<RrlU,lr’R’) = S(R-+r-R’++r’)(R++rlU,IR’++r’), 

+ For the moment we do not distinguish between the neutron and proton potentials. 
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and substituting eq. (1) into eq. (3), we find 

(RIu,IR’) = 8H(2,R-R’I)j’dr~(*+(R-R’))~(r-(R-R’))2L’(f(R+R’)+t~). (4) 

According to refs. ‘* “), th e range of non-locality of the nucleon optical potential is 
about I fm. Since H(21R-R’l) limits the values of [R- R’( to values 6 +j?, and over 
this range the deuteron wave function is very smooth, an excellent approximation 
to eq. (4) is given by 

where 
(R]U,jR’> M ~~(2lR-R‘1)2~(~(R+R’)), 

a($(R+R’)) = jdm#+)‘U(ifR+R’)++r), 

(5) 

(6) 

is simply the nucleon potential form factor folded into the deuteron wave function. 
We also note, from eq. (2), that the non-locality factor is still normalized, 

8 
f 

dsH(2s) = 1. 

The corrections to eq. (5) are considered below and found to be rather small. There- 
fore eq. (5) stands as an important result showing that the range of non-locality of 
the deuteron optical potential fld in the Watanabe model is approximately half the 
range of non-locality of the nucleon optical potentials; 

I& = 3P. (7) 

We now consider the corrections to eq. (5) by assuming Gaussian forms for the 
non-locality, 

N(s) = (n”@)-” exp [-- @‘I , (8) 

and for the deuteron wave function; 

#J(F) = (z+RJ-~ exp ( - id)‘) . (9) 

Substituting eqs. (8) and (9) into eq. (4) leads exactly to the result, 

(RIU,IR') = (&pJe3 exp (- ~~~)~]~~i‘2~(~(R+R~)), (10) 

where the new non-locality is 

Ijd = 9p [I+’ (;t)2]-+, (11) 

and 57 is given by eq. (6) with 4 as in eq. (9). Setting j? = 0.85 fm, as found forphenom- 
enological potentials ST “) of the form of eqs. (1) and (8), and R, = 4.32 fm, we 



find a f x correction to approximation (7) and a consequent 3 % reduction in the 
depth of the potential form factur. 

It might be objected that a Gaussian choice for the deuteron wave function is rather 
poor, and we have therefore considered the correction following from the HulthCn 
wave function. To simplify the calculation, we consider the regiun R M R’ M 0 for 
which it is reasonable to prrff out the siiowly varying function U(+(R +R’) ftr) ia 
eq. (4) from under the integral sign. This gives 

We have compared F(X) for three cases: 
(a) With Gaussian form of $(r) as in eq. (9). 
(b) With the Wulth$n furm, 

q!(r) = N(e-“‘- e-66’), 041 

where N is the normalization and cc = 0.232 fm- ‘a 
(c) An approximate calculation of F(x) exh~b~tj~g its dependence on the average 

kinetic energy of the m&eons in the deuteron, 

evaluated for the Hulthdn function. 
Tn cases (b) and (c> we have calculated an effective fid by fitting the resulting F(X) 

to an equivalent Gaussian having the same volume integral and rmS radius as F(n). 
The resutts are displayed in table I. 

We conclude that the ap~ruximat~o~ used in eq. (5) is also rather accurate for the 
Hulthin wave function, Moreover we see that expansion (15) gives guod agreement 
with the exact result, and so the magnitude of the correction is determined essentially 
by the average kinetic energy of the nucleons in the deuteron. 

TABLE I. 

?-he correction to the de&mm non-locality, ~$3~ = ia,-@, and the consequent change in depth fur 

various deuteron wave i%nctions 

decrease non-locality = --S&J@? 1.0 % 1.7 % 1.9% 

decrease depth = -su/rr 2.8 % 5.1 % 5.8 % 
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2. Local equivalent potentials 

We now discuss the implications of these results for calculations starting from local, 

energy-dependent nucleon optical potentials. One problem of the Watanabe model 

in this case is that the appropriate nucleon energies (E,, E,) used to specify the poten- 

tials are not known. We first note that this problem is by-passed altogether in the non- 

local formulation described above, provided, as we shall assume, the non-local poten- 

tials are energy independent. We find, however, by consideration of the equivalent 

local potentials derived from eqs. (1) and (5), called respectively V, (a = n, p) and 

V,, that the nucleon energies may be chosen in a simple way so that the local method 

yields the same result as the non-local. 

Our discussion is based on Perey and Buck’s “) transcendental equation of the 

general form 

V(%!, 8) = % exp { -x[8- V(@, a)]), (16) 

which is known to give a local potential V(&, &) accurately equivalent to a non-local 

potential of the form of eqs. (1) and (8). In eq. (16), @ is the appropriate non-local 

form factor, & is the appropriate energy modified by any purely local parts of the 

interaction, and x is the n&eon non-locality factor, x = m/3’/(2hz). From eq. (7) 

we have for deuterons, 

(l-3 

Let us allow for the difference between the neutron and proton non-local form factors 

in eq. (1) by introducing a symmetry term US, 

U(neutron) --+ U - U,, U(proton) + U + U, . (18) 

With this generalization, we find that the equivalent local potentials V,, VP and Vd, 

derived from eqs. (l), (5), (17) and (18), are solutions of, 

K(&) = (U- US) exp {-XC&- K(-K)l~~ (19) 
V,(-$) = (U + Us) ew { - 43, - V,- V,(E,)IIT (20) 
Vd(Ed) = 28 exp { -x[+(&- Q-J-V,(&)]}, (21) 

where Vc is the Coulomb potential. We see immediately that in the absence of US, Vc 

and the folding effect (U + U) the equations satisfied by V,,(@& Vp(+Ed) and 

+V,(E,) are identical. In other words the potential Vd(Ed, R), depending only on the 

deuteron energy, can be constructed as the sum of the local nucleon potentials (with- 

out folding) provided that they are evaluated at En = E,, = *Ed. We shall see that 

this statement is not greatly disturbed by the presence of the various corrections. 

It is clear that eqs. (19), (20) and (21) are forms of the general eq. (16) with specific 

values of the parameters % and b. The deuteron potential is 

I/,(&) = 2V( g, $(E, - Vc)), (22) 
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while the sum of the nucleon potentials folded into the deuteron wave function 

(indicated by < . . . )) is, 

<I/,(&) + I’@,)) = <I’( U - U, , En) + v( U + Us 3 E, - Vc>>. (23) 

If we expand the r.h.s. of eq. (23) about the values of the arguments on the right of 

eq. (22), we find, exhibiting terms up to first order, 

<I/,&)+ T/,(&J) = 2VJ2 HE,- hN+(En+E,-Ed + . . ., (24) 
E H&I-Vc) 
= 

since the difference (U- i7) vanishes. So we see that if we choose E,,+Ep = Ed we 

shall obtain the same result, to first order, by the non-local method eq. (22) and by 

the local method eq. (23). Furthermore this result is not dependent on the specific 

form of the Perey and Buck equation, although of course its accuracy does depend on 

the smoothness of the derivatives as a function of the parameters. 

The decrease in depth of V,(E,), as calculated from eq. (21), due to the corrections 

listed in table 1 is less than the correction to the non-local depth and typically less 

than 4 %. This estimate is in close agreement with that of Kunz ‘) who also estimates 

that there could be an additional 3 % decrease in depth due to a hard core contribu- 

tion in the deuteron wave function, because, of course, the average kinetic energy in 

the deuteron is then increased (see eq. (15)). 

We suggest that the above procedure for generating the deuteron optical potential 

is probably more useful than that proposed by Bauer and Bloc11 “). Following pre- 

cisely the argument which led to eq. (5) they write the analogous equation in momen- 

tum space, 

(KlU‘jlK’) x &(K’-K))[($(3zHC’)lU,+ U,(*(3K’-K))], 

where 4” is the Fourier transform of 4’. 

(25) 

On the energy shell this equation is a relation between Born approximations: the 

Born approximation for elastic deuteron scattering at momentum transfer Q = K-K’ 
and energy Ed = h2K2/4m = fi2Kt2/4m is proportional to the sum of the Born ap- 

proximations for nucleon elastic scattering at the same momentum transfer but at 
energies, 

E, = E, = +(5-38 . Zt)E, = +Ed+$Q2, (26) 

depending on the momentum transfer. If the Born approximation were valid, it would 

be correct to take nucleon optical potentials at these nucleon energies in the Watanabe 

model. In the relevant energy range, however, the Born approximation is not good, 

and off-energy-shell matrix elements are also important. In this situation a well tested 

method for calculating the equivalent local potential is Perey and Buck’s ‘) procedure 
as outlined above. 

3. Discussion 

We first comment on the relevance of these results to deuteron elastic scattering. 

It was found in a previous study ‘) that the folded potentials generated by the two 
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methods described above actually do give very similar elastic scattering. Perey and 

Satchler ‘) have noted, however, in an extensive study of the real part of the Watanabe 

model that it seems to be necessary, in order to fit the data, to introduce a lo-20 “/, 

correction to the real well depth. It appears that a correction of this type, a reduction 

of about 10 %, is still needed even when allowance is made for the contribution of 

break-up channels to the elastic scattering “). Some reduction in the real well depth is 

expected to come from a correct treatment of the Pauli exclusion principle 9* lo), but 

it is also possible that a further significant contribution is made by the 4 % non- 

locality reduction discussed above and by Kunz ‘). 

Finally we note that the relationship between the deuteron and nucleon optical 

potentials we have derived depends strongly on the assumption that the range of non- 

locality of the nucleon optical potential is small compared with a length characteristic 

of the deuteron internal wave function. In the opposite limit, 

PBRd, (27) 
we obtain from eqs. (10) and (ll), 

Pd = R,IJ2, (28) 

(RJUJR’) M (T$&)-~ exp (- (2)‘}(F)32v(+(R+Rf)). (29) 

A non-locality satisfying eq. (27) would be obtained if the Perey and Buck potential 

eq. (1) was modified by adding a suitable local, energy-independent potential to the 

non-local terms + and the parameters of U and H adjusted to fit the elastic nucleon 

scattering. According to eq. (29) the associated contribution to the deuteron optical 

potential would be very small and deuteron-nucleus scattering would not be simply 

related to nucleon-nucleus scattering at any particular energy. Since the non-locality 

of the nucleon optical potential is not well understood at present from a fundamental 

point of view 11) . it IS not clear that the limit (27) is completely irrelevant. 

7 This is the form taken by the Hartree-Fock potential if the nucleon interaction is local. 
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