
1

Reaction tools for the study of exotic 
nuclei: theory and applications - II
Hadrons and Nuclei under Extreme 
Conditions (HANEC2010),               
TIT, O-Okayama                               
16-17 September 2010

0 1
2

3 4
5 6

7 8

9 10

111213

14

1516

17181920

2122

2324

25262728

2930

3132

33343536

37383940
41

424344

45464748

4950
5152

53
5455

56

5758

n (0)
H (1)

He (2)
Li (3)

Be (4)
 B (5)
 C (6)
 N (7)

 O (8)
 F (9)

Ne (10)
Na (11)

Mg (12)
Al (13)
Si (14)
P (15)

 S (16)
Cl (17)

Ar (18)
 K (19)

Ca (20)
Sc (21)

Ti (22)
V (23)

Cr (24)
Mn (25)

Fe (26)
Co (27)

Ni (28)
Cu (29)

Zn (30)
Ga (31)

Ge (32)
As (33)

Se (34)
Br (35)
Kr (36)
Rb (37)

Sr (38)
Y (39)

Zr (40)
Nb (41)

Mo (42)
Tc (43)

Ru (44)
Rh (45)
Pd (46)
Ag (47)

Cd (48)
In (49)

Sn (50)
Sb (51)

Te (52)
I (53)

Xe (54)

Jeff Tostevin, TIT and
Department of Physics
University of Surrey, UK N

Z

rp proces
s



2

Lecture 1: Introduction: history and key ideas
- nuclear shell structure, old and new
Reactions at high-energy (removal)
- approximations, simplifications
- connection/interface with nuclear 

structures
- observables and what they tell us 

Lecture 2: Illustrative and topical applications
- determining exotic structures
- testing of structure models and 
of shell model effective interactions

- nucleon and pair ‘correlations’
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One and two nucleon knockout, >100 MeV/u

Experiments are inclusive (with respect to the target final 
states). Core final state measured – using gamma rays –
whenever possible – and the momenta of the residues

Cross sections are large and they include both:
Break-up (elastic) and stripping (inelastic/absorptive) 
interactions of the removed nucleon(s) with the target

9Be

iJ
1 

2
1j

2j

TI ,

fJ [fast]
spectatorc

light 
nuclear
target 
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Target drills a cylindrical volume at projectile surface

A target

Interaction with the target
probes wave functions at 
surface

TC RRb +≈

z
iJ
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Residue momentum distributions after knockout

In projectile rest frame:
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Orientation - extreme sp model – inclusive sigma

Single neutron removal from 23O ≡ [1d5/2]6 [2s1/2]

2s1/2  Sn=2.74 MeV

1d5/2 Sn=6.0 MeV

Measurement at RIKEN [Kanungo et al. PRL 88 (‘02) 142502]
at 72 MeV/nucleon on a 12C target; σ-n = 233(37)mb

σsp(2s1/2)=64 mbσsp(1d5/2)=23 mb

σ-n = 6 σsp(1d5/2)+ σsp(2s1/2)
= 202 mb

σ-n = 6 σsp(1d5/2)+ σsp(2s1/2)
= 202 mb

n

-16.9

-12.5

-6.0
-2.74
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Bound states – the mean field helps our intuition

The mean field – e.g. 
spherical HF - gives
an excellent estimate 
and guide
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Sudden removal from the residue as a spectator

1
2

11 ][ js

A

TS,

J

iJIJ][
Ijj ][ 21

22 ][ js

So, reaction probes the 
one/two nucleon overlap
and (in general) there 
are several active 
configurations – the 2N 
overlap is determined by 
the (TNA) two nucleon 
amplitudes from the 
shell model.

In both the one- and two-nucleon removal cases there is an 
assumption that the A-nucleon core is a spectator and does 
not change its state during the collision – is not dynamically 
excited. So, if the the residue is found in a given state, it is
because this component existed in the projectile ground state.
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Target probes the one- and two-nucleon overlaps

cΦ

1A+Φ r
J,

1
2

1j 2j

TJ ,

fJ

Spectroscopic
factor/strength

In two-nucleon case there are (in general) 
several coherent 2N configurations – the 
two-nucleon motions are correlated
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Inclusive neutron removal – 15-19C isotopes

E.C. Simpson and J.A. Tostevin, PRC 79 024616 (2009)
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Inclusive neutron removal – 15-19C isotopes

E.C. Simpson and J.A. Tostevin, PRC 79 024616 (2009)

15C

19C

17C
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Test of the mechanisms – stripping and diffraction

D. Bazin et al., Phys. Rev. Lett. 102, 232501 (2009)
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CDCC diffraction (elastic breakup component)

D. Bazin et al., Phys. Rev. Lett. 102, 232501 (2009)
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The two mechanisms – stripping and elastic breakup

In these cases, 9C(-p) 
and 8B(-p), where the 
two mechanisms have 
been quantified, the
eikonal dynamical 
description does a 
(very) good job.
Only the sum is 
measured usually –
since only the heavy 
residue is detected.

In these cases, 9C(-p) 
and 8B(-p), where the 
two mechanisms have 
been quantified, the
eikonal dynamical 
description does a 
(very) good job.
Only the sum is 
measured usually –
since only the heavy 
residue is detected.

D. Bazin et al., Phys. Rev. Lett. 
102, 232501 (2009)

Phys. Rev. C 67, 064301 (2003)
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Pauli blocking of the free NN interaction

C.A. Bertulani and  C. de Conti, 
Phys. Rev. C 81, 064603 (2010)
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Geometry considerations: Hartree Fock for ‘sizes’

Reaction description 
between different exotic 
systems is very ‘robust’

The rms radii of single 
particle formfactors are 
the sole requirement for 
determining the cross 
section calculations – to 
high precision. We 
constrain these to 
Hartree-Fock or other 
theoretetical values
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Overlap function sensitivity: Hartree Fock ‘sizes’
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Removal strengths: Skyrme  (in)sensitivity
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np

 8N  4,Z ==

N=8 neutrons – still a magic number in 12Be ?

12Be12Be
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N=8 neutrons – still a magic number in 12Be ?

is N=8 magic number 
present in 12Be (1p1/2) ?
is N=8 magic number 
present in 12Be (1p1/2) ?

1s1/2

1p3/2
11Be
0

0.32

1/2+

1/2-[1p1/2]2

[2s1/2]2

p n ?

1.80 5/2+[1d5/2]28N 4,Z ==
n-threshold 0.5 MeV

2s1/2 γ

level inversion in 11Be
established  - halo state
level inversion in 11Be
established  - halo state

S. Pain et al., PRL  96 (2006) 032502
A. Navin et al., PRL  85 (2000) 266
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N=8 magic number has disappeared in 12Be

C2S=0.42

C2S=0.37

=0

=1

A. Navin et al., PRL  85 (2000) 266
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The case of proton removal from 44S (44S 43P)

2

20

8

2
8

20 N=28

44S 43P (~42Si)

44S, Z=16,N=28

L.A. Riley et al., PhysRev C 78, 011303(R) 2008
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Testing predictions of shell model interactions

Utsuno-08 Nowacki-01

44S 43P 44S 43P

42Si(2+) at 0.87 MeV        42Si(2+) at 1.49 MeV

L.A. Riley et al., PhysRev C 78, 011303(R) 2008
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Tests of predictions of shell model interactions

This lowered proton d5/2
strength is correlated 
with a lower 2+ energy in 
42Si - from 1.49 MeV 
with Nowacki-01 to 0.87 
MeV with Utsuno-08, to 
be compared to the 
recent experimental 
value** of 0.77 MeV.

Adds supporting 
evidence for an (oblate) 
deformation in 42Si.

Nowacki-01

Utsuno-08

** B. Bastin et al., PRL 99, 022503 (2007).
L.A. Riley et al., PhysRev C 78, 011303(R) 2008
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Breakdown of N=28 gap in  45Cl(gs) [ 44Cl(gs) ]

L.A. Riley et al., Phys. Rev. C 79, 051303(R) (2009)

SDPF-NR (Numella et al. 
PRC 63 044316 (2001)):

n SF of: 6.63 (f 7/2) , 
0.23 (f 5/2), 1.03 (p 

3/2), 0.10(p1/2)
the gs transition 

strength indicates 
greater low lying p3/2 

strength
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Shell model at the N=34 gap in 55Ti: relativistic energy

55Ti(-n), GSI, 450 MeV/u 
Observed the 955(6) keV 
3/2− neutron p3/2 hole state 
in 55Ti. Established the 
ground state of 55Ti as 1/2−
(as per GXPF1A) – that also 
predicts sizeable N=34 gap

55Ti(-n), GSI, 450 MeV/u 
Observed the 955(6) keV 
3/2− neutron p3/2 hole state 
in 55Ti. Established the 
ground state of 55Ti as 1/2−
(as per GXPF1A) – that also 
predicts sizeable N=34 gap

55Ti(-n) 54Ti(gs)

P. Maierbeck et al. Phys Lett B 675 (2009) 22–27
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Removal strengths at the Fermi surface (2009)

+Shell M)
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Two nucleon knockout – direct reaction set

2p from 
neutron rich

2n from 
neutron 
deficient

Z

N

32Mg

34Al

34Si

32Na30Na

32Al

30Mg

30Ne28Ne

28Na

28Mg

26Ne

44S

42Si

54Ti

52Ca

30S

26Si

28P

28S

26P

24Si

34Ar32Arπ ν
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Sampling the two-nucleon wave function

A target

Interaction with the target
probes wave functions at 
surface  and beyond

TC RRb +≈

z
iJ

Shell model overlaps – for 0+ heavy residue in state JM
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Target drills a cylindrical volume at projectile surface

(i) 2N removal cross sections will be
sensitive to the spatial correlations of
pairs of nucleons near the surface
(ii) No spin selection rule (for S=0 
versus S=1 pairs) in this 2N removal 
reaction mechanism 
(iii) Expectation of the sensitivity to 
correlations can be predicted from
2N overlaps in the sampled volume
(iv) No linear or angular momentum 
mismatch – mechanism ‘sees’ ALL 
hole-like-state configurations

(i) 2N removal cross sections will be
sensitive to the spatial correlations of
pairs of nucleons near the surface
(ii) No spin selection rule (for S=0 
versus S=1 pairs) in this 2N removal 
reaction mechanism 
(iii) Expectation of the sensitivity to 
correlations can be predicted from
2N overlaps in the sampled volume
(iv) No linear or angular momentum 
mismatch – mechanism ‘sees’ ALL 
hole-like-state configurations

z
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Two-nucleon direct reactions overlaps
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Two-proton knockout: 38Si 36Mg

ν+2.80(64)

39.24

37Al20.64

ν +4.38

36Mg

38Si

ν+5.29

−2p

−1p

−1p

π +18.60

1n KO

indirect
2p KO
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Two-neutron knockout: example 18C 16C

+4.98 ν+4.25

4.91

17C
4.18

16C

18C

−2n

−1n

ν+0.73

indirect
2n KO

1n KO

(sd)4

direct
2n KO

−1n
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Two neutron removal from neutron rich carbons

direct
2n KO

indirect
2n KO

E.C. Simpson and J.A. Tostevin, PRC 79 024616 (2009)
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Sampling the two-nucleon wave function

Interaction with the target
probes wave functions at 
surface  and beyond

TC RRb +≈ 28Mg →26Ne(2+)28Mg →26Ne(2+)
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Antisymmetrized 28Mg → 26Ne removal of

1.1-1.2

1-1.1

0.9-1

0.8-0.9

0.7-0.8

0.6-0.7

0.5-0.6

0.4-0.5

0.3-0.4

0.2-0.3

0.1-0.2

0-0.1
0+

2+

4+

uncorrelated

J.A. Tostevin, Journal of Physics: Conference Series 49 (2006) 21–26
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Correlated: 28Mg → 26Ne(0+,2+,4+), 82.3 MeV/u 

Data: D. Bazin et al., PRL 91 (2003) 012501
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-0.2

0

0.2

0.4

0.6

0.8

Knockout cross sections – correlated case

S
ig

m
a 

 (m
b)

0+ 2+ 2+4+
1 2

28Mg →26Ne(0+, 2+, 4+ , 22
+)   82.3 MeV/u 28Mg →26Ne(0+, 2+, 4+ , 22

+)   82.3 MeV/u 

J.A. Tostevin et al., PRC 70 (2004) 064602, PRC  74 064604 (2006
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0

0.2

0.4

0.6

0.8

1

1.2

Two-neutron removal – g.s. branching ratios

S
ig

m
a 

(0
+ )

 / 
S

ig
m

a(
in

cl
us

iv
e)

34Ar 30S 26Si

uncorrelated34Ar32Ar
correlated

J.A. Tostevin et al., PRC  74 064604 (2006
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Rapid structural change: 34Si 32Mg, S2p=33.6 MeV

34Si

32Mg
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Two-nucleon removal – suppression - Rs(2N)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

34Ar

R
s 
(2

N
)

54Ti(gs)30S26Si

-2n (Yoneda et al.)

28Mg

-2p -2p

J.A. Tostevin and B.A. Brown, PRC  74 064604 (2006), PRC  70 064602 (2004)
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Sudden 2N removal from the mass A residue

Sudden removal:  residue momenta probe the
summed momenta of pair in 
the projectile rest frame

A

Projectile rest 
frame

laboratory frame         and 

and component equations
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Look at momentum content of sampled volume

z
iJ

2

1

Probability of a residue with parallel momentum K

J. A. Tostevin, EPJ Special Topics 150, 67 (2007), Acta Physica Pol. B 38 (2007) 1195
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0+

4+

0+

Two nucleon KO – predicted p//  J-dependence

2+

R
es

id
ue

 m
om

en
tu

m
 p

ro
ba

bi
lit

y

2+

residue parallel momentum (MeV/c)

28Mg (−2p) 82.3 A MeV

4+

J. A. Tostevin, EPJ Special Topics 150, 67 (2007)
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I-dependence of 2N removal p// distributions

E.C. Simpson et al., PRC 79, 064621(2009)
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Two neutron knockout from 22Mg 20Mg(0+,2+)

22Mg (−2n) 75.1 A MeV
R

es
id

ue
 m

om
en

tu
m

 d
is

tri
bu

tio
n

0+

2+

E.C. Simpson et al., 
PRL 102 132502 (2009)

Expt.
0+ 84%
2+ ~16%
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Direct two-proton removal reaction mechanism

ν+2.80(64)

39.24

37Al20.64

ν +4.38

36Mg

38Si

ν+5.29

−2p

−1p

−1p

π +18.60

1n KO

indirect
2p KO
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Mapping rapid changes of structure: a challenge

P. Fallon et al., PRC 81, 041302(R) (2010)
P. Adrich et al., PRC 77, 054306 (2008) *** 

[×0.40(8)]

sd-shell g.s.

38Si−2p

[×0.38(8)]

fp

66Fe−2p
***
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Otsuka: the np interaction tensor correlation

38Sin

p

Spherical Hartree 
Fock density (SkX)



50

Removal probes single-nucleon wave functions

Interaction with the 
target probes wave 
functions at surface

z
iJ

38Sin

p

target
TP RRb +≈
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38Si

p n p n p n
+

The onset of deformation: as seen in 38Si(-2p)

Measured cross sections are 
a fraction of those computed 
when assuming only 0 ω
initial and final states. 38Si is 
(reasonably) 0 ω so transition 
is to 0 ω components of final 
states ( 0+, 2+ populated) 

MCSM (SDPF-M) 
calculations of 
Utsono et al.

MCSM (SDPF-M) 
calculations of 
Utsono et al.

A. Gade et al., Phys. Rev. Lett. 99, 072502 (2007)

36Mg
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Challenge for (spherical) shell model at 32Mg(-2p)

P. Fallon et al., PRC 81, 041302(R) (2010)

32Mg

p n n n

30Ne

p n n n

32Mg(-n)
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Two proton knockout from 38Si 36Mg(0+,2+)

38Si (−2p) 83 A MeV
R

es
id

ue
 m

om
en

tu
m

 d
is

tri
bu

tio
n

0+

2+

E.C. Simpson et al., 
PRL 102 132502 (2009)

Theory     Expt.
0+ 56%      58(7)%
2+ 44%      42(7)%

dp/p=1.66% 
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Testing the (spherical) shell model at 32Mg(-2p)

P. Fallon et al., PRC 81, 041302(R) (2010)

0.61                         0.03
0.64

32Mg                        5.0                          95.0     0.0
30Ne                         5.0                          47.5    47.5

0.45                            0.0
0.45      Expt: 0.40(8)
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Probing two-nucleon position correlations

E.C. Simpson, JAT, PRC, submitted (2010)

After summing over the nucleon spins (to which we are 
insensitive) the two nucleon joint-position probability is:
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Two-nucleon correlations

E.C. Simpson, JAT, PRC, submitted (2010)
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Two-nucleon correlations

E.C. Simpson, JAT, PRC, submitted (2010)
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Angular correlations – and L-transfer sensitivity

E.C. Simpson, JAT, PRC, submitted (2010)

depends only on L (= 1+ 2) of the two nucleons.

Structure calculation tells us strength of the L-content of the 
2N overlap via the LS coupled two-nucleon amplitudes:

After summing over the nucleon spins (to which we are 
insensitive) the two nucleon joint-position probability is:

predict p// distribution
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I  C(I=L) C(L=I+1) C(L=I-1)
0    0.571       0.428 0.0
2    0.510 0.122 0.367
4    0.367 0.034 0.598
6    0.142 0.0 0.857

Final-state spin-value sensitivity: e.g. 54Ni(-2n)

Relatively ‘pure’ 2N 
configurations give 
simple L(and I) –
dependences – e.g. 
assuming [f7/2]6 [f7/2]4

I L-values
0    L= 0, 1
2    L= 1, 2, 3
4    L= 3, 4, 5
6    L= 5, 6

-400                        0                         400
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Configuration-mixed, sd-shell example: 26Si(-2n)

E.C. Simpson, JAT, PRC 
submitted (2010)

with cross sections:
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First final-state-exclusive p//: 28Mg(-2p)

Co
un

ts
Inc. 0+

All

4+

E.C. Simpson et al., PRL 102 132502 (2009)



62
np correlations are in the ‘news’ – stable nuclei
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In two nucleon removal/knockout data - one sees

12C1 2
12C

10(N,Z)
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A couple of take-away messages

1. It is possible with rather ‘simple’ measurements to
(i) track the positions of single particle states at both 

Fermisurfaces in asymmetric nuclei, and thus
(ii) study the evolution of the many-body system as 

a function of its isospin new shell structures,  
(iii) assess the predictive power of modern shell 

model calculation (e.g. for nuclear astrophysics
applications at extremes of N and Z) and 
the quality of CI model effective interactions.

2. We can understand/predict that exclusive residue  
momentum measurements, following two-nucleon 
removal, will be an excellent probe of predicted  
wave functions at an increasingly detailed level.




