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■ Abstract The identification of direct-reaction processes and their subsequent ex-
ploitation for the spectroscopy of weak radioactive beams of exotic nuclei are important
problems in modern nuclear physics. One- and two-nucleon knockout reactions, stud-
ied using intermediate-energy radioactive beams, have been shown to be powerful
tools for this purpose. This article discusses the current status of such investigations
and reviews what has been learned to date from the experiments and analyses of the
past five years. The techniques are still in their formative stages, and the open questions
and challenges are outlined.
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1. INTRODUCTION

The study of short-lived radioactive nuclei far from the valley of beta stability,
often referred to as exotic nuclei, is attracting the interest of physicists worldwide.
New experimental methods, now under rapid development, permit studies of the
structure of nuclei that lie close to the limits of nuclear existence in theN–Z plane,
referred to as the drip lines, where the nucleon separation energy goes to zero. (In
order to make the drip line a single-valued function, it is convenient to define the
neutron/proton drip lines by the lightest particle-stable nuclide within a family of
isotones/isotopes.) Near the neutron drip line, the large neutron excess and low
neutron binding energy can lead to dramatic changes in nuclear structure. There is
good evidence that for neutron numbers 8 and 20, normally considered to represent
“magic” nuclei, i.e., closed-shell structures, the shell gaps disappear at the drip
line, and intruder states with opposite parity descend from the next higher shell.
These may even become the ground state. In some cases, the low binding allows
the wave function of one or more neutrons to extend far beyond the range of the
strong force, giving rise to a neutron halo, already observed in a number of light
nuclei. Phenomena like these challenge theory and provide a test bench for more
exact solutions and an improved understanding of the nuclear many-body problem.

It may be surprising to many that such solutions do not already exist. However,
despite many successful insights provided by nuclear structure theory, the exist-
ing framework is still largely empirical, and is entirely so for all heavier nuclei.
This is because correlations in the wave function brought about by the long-range
components of the nucleon-nucleon interaction play a major role. Although the
shell model sets out from a picture based on noninteracting nucleons moving in a
central field, only a few nuclei, all near double-closed shells, are directly amenable
to such a simple approach. The nucleon-nucleon correlations usually make it nec-
essary to take into account explicitly the mixing of many valence configurations.
For lighter nuclei, such as those discussed in this article, it is practical to apply
a microscopic description that involves diagonalizing a large matrix representing
the (effective) interactions in a restricted space of single-particle orbitals. Such
techniques have for some time (1) covered nuclei up to massA= 40, and recent
developments, such as stochastic methods (2, 3), are now shifting the limit of cal-
culations towardA= 80–100 with high predictive power (4). There is also a major
current effort to develop accurate ab initio quantum-mechanical calculations using
a many-body Hamiltonian derived from the free nucleon-nucleon interaction, as
determined from scattering experiments. It is indicative of the difficulty of this
task that current technology (see 5 for review) may only be able to handle masses
up to approximatelyA= 12.
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Nuclear correlations can be probed in a specific and quantitative way by a ju-
dicious choice of nuclear reactions that selectively excite some simple degrees of
freedom. For example, Coulomb excitation has long been the preferred method
for investigating collective degrees of freedom that involve the motion of several
or many nucleons. Coulomb excitation has turned out to work extremely well with
radioactive beams at intermediate energies of 30–300 MeV/nucleon (6). Perhaps
the simplest degree of freedom is that associated with the single-particle orbital
components that, at the microscopic level, form the correlated many-body wave
function. These can best be studied using direct-reaction processes that add or
remove one or a few nucleons and can identify single-particle orbitals, their quan-
tum numbers, and their occupancies. Again it has turned out that reactions with
intermediate-energy radioactive beams offer a very powerful tool; these knockout
reactions, in which one or more nucleons are removed from the nuclei of the beam,
are the subject of this article.

To introduce the subject, we examine in some detail a specific experiment
that illustrates how knockout reactions can provide spectroscopic information.
The example in Figure 1 is taken from an extensive series of experiments (7–18)

Figure 1 Neutron knockout from a17C beam.Left: Doppler-corrected gamma-ray
spectrum observed in the9Be(17C,16C+ γ )X reaction in coincidence with the reaction
residues (12). The solid curve is a fit to the spectrum based on simulated line shapes
(dashed lines).Center: Diagrams show the parallel-momentum distributions deduced
from theγ coincidences, demonstrating that (a) and (c) are predominantlỳ = 2 (the
broad components) whereas the cross section to the 1.77-MeV level has an appreciable
` = 0 neutron component (the narrow component).Right: A simplified level scheme
based on the gamma rays interprets the reaction as feeding (a) a group of states near 4
MeV, (b) the 2+ state at 1.77 MeV, and (c) the ground state of16C with cross sections
of 33± 7, 60± 12, and 22± 11 mb, respectively.
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carried out at the National Superconducting Cyclotron Laboratory at Michigan
State University. A detailed analysis demonstrates that the ground state of17C
must have spin parity 3/2+ and that the theoretically possible 1/2+ and 5/2+

assignments are excluded (12). Furthermore, the presence of orbital components of
different` in the neutron knockout cross section populating the16C 2+ state reveals
that the17C ground state has a complex structure. In simplified language, the main
components may be viewed as the 1s1/2 and 0d5/2 neutron single-particle states
coupled to the first excited 2+ state of16C. The deduced̀= 0 and 2 spectroscopic
factors for these cross sections are 0.21± 9 and 1.2± 3, respectively, in good
agreement with the shell model that predicts 0.16 and 1.44. (Our definitions and
experimental and theoretical details are given later in this article.)

What are the main lessons to draw from this initial example? The first is that the
technique is remarkably sensitive; the data in Figure 1 were collected in about one
day of measurement with an incident17C beam of intensity 100–300 particles per
second (s−1). The operational limit is considerably lower; in the same series of ex-
periments (12), useful data were taken with a19C beam of only 0.5–1 s−1 (see Figure
3). (Compare this with the 1010–1013 s−1 beam intensity in a classical cyclotron
or Van de Graaf experiment.) Three factors account for this high sensitivity: thick
targets of a fraction of a g/cm2, strong forward focusing due to the high-energy
beam, and essentially background-free event-by-event tracking. None of these
advantages is present in low-energy experiments with radioactive beams. The sec-
ond lesson is that the experiment furnishes significant spectroscopic information
and thus provides an exacting test, in this case of the structures of the (17C,16C)
pair. We consider it crucial that such individual and systematic spectroscopic
studies start from a consistent theoretical approach. Case-by-case analyses, each
using tailored parameter sets, will be of little value as experiments focus on a
few powerful accelerators supplying rare and weak beams. Structure studies must
involve a strong interplay between theory and experiment to the benefit of both.
The third lesson, to be substantiated below, is that the high-energy limits of re-
action theory, based on eikonal methods, offer formal, practical, and quantitative
advantages over conventional direct-reaction approaches. This precision offers the
possibility of addressing more fundamental problems, such as the physical reality
of the orbitals that make up the model space of the shell model.

The organization of this article is as follows. Section 2 gives a brief overview of
the applications of direct reactions for nuclear spectroscopy. We also present a brief
aperçu of the shell model and spectroscopic factors. We then introduce the single-
nucleon knockout reaction, discuss its early applications to halo systems, and
present the associated eikonal reaction theory. It is important that the eikonal model
provide both a nonperturbative treatment of the projectile breakup mechanisms
and an essentially parameter-free estimate of the single-particle knockout cross
sections. We use as examples the spectroscopy of bound and unbound final states.
In Section 4, we discuss the determination of absolute spectroscopic factors and
their relationship to the description and occupation of single-particle orbitals in a
truncated model space. This latter question transcends radioactive beam research
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and bears on the fundamental basis of the shell model. We then discuss two very
recent developments. The first is the observation that two-proton knockout from
neutron-rich nuclei and, conversely, two-neutron knockout from proton-rich nuclei
must proceed as direct reactions. This opens many new possibilities for structure
and two-particle correlation studies in nuclei. The second is that knockout reactions
may, in many cases, produce tertiary beams with significant spin alignment. This
potentially interesting spectroscopic tool is so far unexplored. Finally, we mention
some open questions and experimental and theoretical challenges that will need
to be faced in the future.

2. THE LEGACY OF SPECTROSCOPY USING
DIRECT REACTIONS

Systematic studies of nuclear reactions were essential to the development of mod-
ern nuclear physics. For this review, direct reactions that selectively excite a min-
imal number of nucleonic degrees of freedom are particularly important. They
provide a diagnostic for identifying the microscopic or single-particle structures
of nuclei. Unable to cover this vast subject in the space allotted, we present some
of the concepts and lessons learned that are especially important to modern exper-
imentation with radioactive beams. We do not address the closely related subject
of electromagnetic excitation but point out that the Coulomb excitation of bound
states has become an important tool in radioactive-beams research (see 6 for a
review). The Coulomb dissociation of simple, loosely bound systems also plays
an important role in reactions of halo nuclei and in astrophysics (see 19 and 20
for reviews). Even for reactions on light targets, which are the main concern of
this article, in the interest of precision we will often cite the Coulomb-dissociation
cross sectionσC in addition to that from the nuclear breakup mechanisms.

2.1. Transfer Reactions

The high resolution offered by cyclotrons and Van de Graaf accelerators permitted
the development of a spectroscopy based on direct reactions and the direct mea-
surement of excitation energies of final states. Distorted wave theories of stripping
and pickup reactions (21–25), assuming two-body descriptions of both the en-
trance and exit channels, related the measured fragment angular distributions and
nucleoǹ values of the transfer. The partial cross sections to a given state then lead
to spectroscopic factors offering (indirect) information about the single-particle
occupancies in the nuclear wave function. The workhorses of this effort were
the (d, p) stripping and (p, d) pickup reactions, but many other reactions were
used, including two-particle transfers. The role of deuteron breakup effects on
the calculated angular distributions and deduced spectroscopic factors was also
found to be important (26–29). The adiabatic approach, in particular, clarified
(26, 27) that the inclusion of breakup effects reduced the reaction’s apparent
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sensitivity to the nuclear interior and enhanced its surface localization. Including
the effects of breakup greatly improved agreement with theoretical spectroscopic-
factor systematics.

The spectroscopic factor is an important quantity that links measurements to
microscopic theories of nuclear structure. Detailed discussions of this concept
can be found elsewhere (21–23); here we provide a brief definition. Consider
the removal of a single nucleon from an initial state ofA nucleons of spinI
forming a given final state of theA − 1 nucleon residue with spinIc. The overlap
function between the initial- and final-state many-body wave functions carries
angular momentum|I − Ic| ≤ j ≤ I + Ic and is a function of a single spatial
variable. It can be written〈Er , 9 A−1

f

∣∣9 A
i

〉 =
∑

j

ci f
j ψ j (Er ), 1.

in terms of an expansion in single-particle states, where details of the angular-
momentum coupling are not shown. With theψ j normalized to unity, the spectro-
scopic factor is Si f

j = |ci f
j |2. The sum-rule value for the spectroscopic factors to

all final states for a specific orbital is the average occupancy of this orbital. Hence,
Sj is unity for nucleon removal from a pure single-particle state and (2j + 1) for
nucleon removal from a filledj subshell. In the isospin representation in which
Ti andTf of the initial and final states are specified, the spectroscopic factor is
written C2S, withC2 the square of the isospin coupling coefficient. In principle,
the one-body overlap functions can be expanded in a complete set of basis states,
characterized by different radial quantum numbersn. The notation of Equation 1
is appropriate for most practical shell-model calculations with a space typically
restricted to a fewj values, each with only onen. When spectroscopic factors are
calculated in a harmonic-oscillator basis, they require a center-of-mass motion
correction (30). This appears as a factor [A/(A−1)]N , whereN= 0, 1, 2. . . is the
major oscillator quantum number. Often neglected, this c.m. motion correction is
important for precise comparisons with data (17, 18).

Comparisons of the theoretical and experimental cross sections for a single-
nucleon removal reaction, from initial statei to final statef of the residue, are
made assuming

σ
i f
th =

∑
j

Si f
j σsp(n`j ), 2.

where the cross sectionsσsp are calculated assuming a normalized nucleon-residue
wave functionψ j of givenn.

In transfer-reaction analyses, theσsp are often computed using the distorted-
wave Born approximation (DWBA), assuming optical-model two-body entrance-
and exit-channel wave functions, or, more recently, by introducing adiabatic or
coupled-channels three-body wave functions to include the effects of breakup. For
a comprehensive survey of measured spectroscopic factors for thesd shell, see
Reference (31). Such calculations each involve a significant number of potential
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and other parameters that are best chosen (22) from global parameter sets optimized
to the systematics for a range of nuclei and beam energies. Such systematics are
not available for studies in the neutron- and proton-rich sectors of the nuclear chart.

For reactions with radioactive beams, one must also work with inverse kinemat-
ics, since the nucleus of interest is now the projectile and not the target. Interest
in the halo nucleus11Be has prompted work on thep(11Be,10Be)d reaction at
35 MeV/nucleon (32, 33). There are also data for thed(56Ni,57Ni)p reaction (34),
but with currently available beam intensities, such experiments are a significant
experimental challenge. There is also an interest in applying transfer reactions to
investigate (unbound) structures in the continuum. Korsheninnikov et al. (35) used
thep(8He,7He)d reaction to observe an excited state in the unbound7He residue at
2.9 MeV.

Direct proton-transfer reactions have also recently found new applications as an
indirect tool for determining the rates of radiative proton capture in certain reactions
of interest to nuclear astrophysics. The method makes use of the observation that
for a given`, and at large distances from the nucleus, the radial form of the tail of
the proton wave function is determined by the asymptotically correct Whittaker
function (36). All structure information is therefore in the normalization of this
tail, defined by an asymptotic normalization coefficient (ANC)C2

` (see 37 and the
earlier work cited therein). For a singlej value, theC` is defined by equating the
“true” single-particle radial wave function, expressed as the product of structure
factors and the normalized radial wave functionR`(r ), with the product ofC` and
the Whittaker functionW, the comparison being made at an asymptotic distance
r L . For the general case of a proton with angular momentum` in the oscillator
shellN, one has[(

A

A − 1

)N

Sj Rs

]1/2

R`(r L ) = C`

W−η, `+ 1
2
(2krL )

r L
, 3.

whereη is the Sommerfeld parameter andk the bound-state wave number. The
parameterRs, to be discussed in Section 4.1, is a correction that reduces the
spectroscopic factor and arises from short-range and other correlation effects.

A measurement of the transfer cross section will suffice to determine the ANC
and thus specify the proton single-particle wave function at large distances. The
method has been applied to proton capture on7Be (38) and8B (39) and has been
tested in reactions on16O (40). The method exploits the highly peripheral nature
of the transfer reaction at selected energies and fragment angles, thus emphasizing
the far nuclear surface. The cross section is then directly correlated with the ANC.
Although the deduced asymptotic normalization depends less on the assumed
nucleon binding potential than does the spectroscopic factor, comparisons with
structure theory are very difficult because the ANC is not an output from most
structure calculations. The method also cannot give guidance on the scattering
wave function to be used in the calculation of the electromagnetic matrix element,
although the choice of nuclear potential can affect the calculated capture rate
appreciably (18; S. Typel, unpublished).
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The high sensitivity of transfer reactions to the single-particle components in
the nuclear wave function requires that the momentum transfer be matched to the
momenta of the valence nucleons in the nuclear surface, typically 50–150 MeV/c.
This condition is met at tandem energies. An example of what happens at higher
energies is provided by a study (41) of the (p, d) reaction at 800 MeV incident
beam energy on a number of targets, including12C and16O. With momentum
transfers in the range 350–500 MeV/c, the single-hole excitations were still seen,
but high-spin final states became prominent, and the strongest excitations observed
did not correspond to known levels. The authors interpreted these as originating in
multistep processes that are favored by the high momentum transfer. This suggests
that the adaptation of medium- and high-energy transfer reactions with radioactive
beams as a spectroscopic tool may be of limited value for characterizing the wave
function, particularly for weakly bound systems. For high-energy one-nucleon
knockout reactions, to be discussed in the main part of this article, this problem
does not arise; the momentum transferred is that of the struck particle, irrespective
of the beam energy.

2.2. Knockout Reactions: (p, 2p) and (e, e ′p)

Reactions such as16O(p, 2p)15N provided an early test of the reality of deeply
bound nuclear shell structures. In this case the experiments showed, in addition to
the well-known 0p1/2 and 0p3/2 hole states at 0 and 6.3 MeV excitation energy,
a broad peak near 30 MeV attributed to the 0s1/2 state [see the reviews (42, 43)
of the (p, 2p) reaction]. Using proton beams of several hundred MeV and short
wavelength, the reaction has sufficient energy to excite deep-hole states and favors
localized interactions, emphasizing single-particle properties. In addition, since
the nucleon-nucleon cross sections are small at these energies, the reaction can be
treated in the impulse approximation, i.e., as quasifree scattering. The experiments
have typically detected the two outgoing protons in coincidence at approximately
±45◦. The proton angular distribution reveals the` value. Near 45◦, ans-state has
a maximum and ap-state has a minimum. Let the momenta of the incoming and
two outgoing protons beEk0, Ek1, andEk2, respectively. The excitation spectrum can
now be obtained from the momentum balance

EkA−1 = Ek0 − Ek1 − Ek2 = −Ek3, 4.

where Ek3 denotes the momentum of the struck nucleon, which, in the sudden
approximation, is equal and opposite to that of the recoiling mass (A− 1) residue.

The corresponding proton-knockout reaction using a beam of high-energy elec-
trons has become extremely important for providing absolute spectroscopic factors
to test the physical occupancies of the shell-model orbitals. This seemed beyond
the powers of nucleon-transfer reactions; thus Macfarlane & Schiffer (22) com-
mented that although transfer reactions could provide relative spectroscopic fac-
tors, absolute values were of “very questionable meaning.” The (e, e′ p) reaction
was developed in the 1980s and 1990s into a precision tool for measuring the
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spectroscopic factors of proton single-particle states in well-bound nuclei (see es-
pecially 44). The results, for deep-hole proton states in nuclei fromA= 6 to 209, are
that the (e, e′ p) reaction measures spectroscopic factors that are lower by a factor
of 0.50–0.65 than those calculated in the shell model. This systematic reduction is
believed to arise from correlation effects, including the repulsive short-range part of
the nucleon-nucleon interaction (see 45 for a review). Because hard repulsion sets
in at distances below 0.4 fm, it follows from the uncertainty principle that compo-
nents in the nucleon wave functions must arise with momenta of order 500 MeV/c.
These components are hard to measure directly, but lead to reduced occupancies of
the low-lying proton single-particle states. The comparison is with shell-model cal-
culations based on effective interactions and model spaces that do not incorporate
effects of short-range correlations. A first direct confirmation of this suggestion
comes from a study of the7Li(e, e′ p)6He reaction (46). The combined experimen-
tal spectroscopic factor to the 0+ and 2+ states of6He was found to be 0.58±0.05,
in excellent agreement with the value 0.60 obtained from a microscopic variational
Monte Carlo calculation based on realistic nucleon-nucleon interactions.

It now appears that similar information can be obtained for both neutron and
proton single-particle states using nuclear knockout reactions, not only for those
nuclei available as stable targets but quite generally for all radioactive nuclei
available as fast beams. This prospect is discussed in the following section.

3. SINGLE-NUCLEON KNOCKOUT WITH
FAST RADIOACTIVE BEAMS

The first experiments with radioactive nuclear beams were carried out more than
50 years ago (47), and the challenging problem of studying the structure of nuclei
far from stability was clearly posed by 1966 (48). Nevertheless, the only experi-
mental tools available until the beginning of the 1980s were studies of radioactivity.
These included measurements of decay radiation and masses and of ground-state
properties (such as spins, nuclear moments, and charge radii) obtained from the ato-
mic hyperfine structure. The emergence of fast radioactive beams from the frag-
mentation of heavy ions was of major importance to the field and offered the
possibility of using nuclear reactions systematically as a tool for studying unstable
nuclei. A pioneering step was the estimation of the matter radii of exotic nuclei
from interaction cross-section measurements (49). Many such developments of
the past decade can be found in a recent volume (50).

At first sight, nucleon-knockout reactions might appear difficult to use, from
both experimental and theoretical points of view. We first identify some of the
features that make this method such a sensitive, accurate and hence powerful tool.

3.1. General Features of Knockout Reactions

Consider a reaction in which fast, mass-A projectiles with momentumEkA have
peripheral collisions with a light nuclear target and the mass (A − 1) residues are
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detected. If all light fragments remain unobserved, an energy balance is not possi-
ble, but the energy of the final state of the residue can be identified by measuring
coincidences with its in-flight decay gamma rays. In the sudden approximation,
the momentumEk3 of the struck nucleon in the projectile and that of the residue in
the final state,EkA−1, are related by

Ek3 = A − 1

A
EkA − EkA−1. 5.

It is most convenient in experiments to consider cross-section distributions with
respect to a single directional component of the measured momentum. Early work
on halos (51) measured the residue distributions as a function of their momentum
component transverse to the beam direction. Narrow distributions were observed,
associated with the large spatial extent of the neutron halo. In fact, distributions
with momentum component parallel to the incident beam are now preferred be-
cause these are much less affected by Coulomb deflection and diffractive scattering
mechanisms, which are both principally transverse for forward-focused reactions.
Measuring longitudinal momentum distributions, however, requires a higher res-
olution. To estimate the required resolution, consider the physical parameters
for the example of an incident radioactive beam of massA= 30 with energy of
80 MeV/nucleon and an exit momentum of around 10 GeV/c. The momentum
width (full width at half maximum in one dimension) involved in the creation of
a single-particle hole is of order 50–300 MeV/c, the lower limit being typical of
a halo state, in which case a resolution considerably better than 0.5% is called
for. The stringency of this requirement is clear when it is remembered that the
momentum spread of the incident (secondary) beam is much larger, up to 3%, for
a beam from a modern fragment separator.

An experiment on11Li (52) showed that the required resolution can be achieved
by operating a spectrograph made of several elements in a dispersion-matched
mode. In this mode, the target is located at an intermediate dispersive image plane.
The dispersion is then compensated in a second magnetic analyzer, so that the
momentum change rather than the absolute momentum is recorded. If, for a neutron
removal reaction, the field of the second dipole magnet is reduced by the mass ratio
(A − 1)/A, the spectrometer directly records the distribution, with respect to the
quantityk3z of Equation 5, around the central residue momentum. It is instructive
to compare this situation with Equation 4 describing the (p, 2p) reaction. There the
quantity of interest, often called the missing momentum, emerges as a combination
of three measured momenta, whereas the energy-loss method observes it directly
despite the poor quality of the secondary fragmentation beam. The close analogy,
also with the (e, e′ p) reaction, justifies the use of the label “knockout reaction” for
all three (see 24).

Much of the work cited below has been carried out with the National Super-
conducting Cyclotron Laboratory’s A1900-S800 spectrometer combination (53).
With the incident momentum spread limited to±0.5%, dispersion matching makes
it possible to reach a relative momentum resolution of 0.025%. Furthermore, the
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high beam energy, 2.4 GeV in the example given above, implies a strong forward
focusing so that all reaction residues emerge within a few degrees of the beam
direction, well within the angular acceptance of the S800 spectrograph. Essen-
tially all reactions are observed, and the tracking of each individual ion through
the spectrometer gives clean and background-free signals. Finally, the coincident
detection of in-flight photons emitted from the residues can, after the appropri-
ate Doppler corrections, be used to identify individual final states in the residue
and provide partial cross sections and associated residue momentum distributions.
(Gamma rays from other sources are revealed by their lack of Doppler shifts.)
Here we compare momentum distributions with the theoretical calculations on a
relative scale, so that only shapes and widths are compared. These identify the
angular-momentum assignments in close analogy with the angular distributions
used in the classical low-energy transfer reactions. The absolute scale, expressed
as the partial cross section, is then used to extract an experimental spectroscopic
factor that relates the structure of the initial and final states.

The high beam momentum permits the use of a semiclassical theoretical de-
scription of the reaction in terms of the impact parameter of the relative motion of
projectile and target. For the reactions with light targets discussed in this article,
the nucleon knockout cross section to a given final state of the residue consists
of two contributions. The first component, called stripping or inelastic breakup,
accounts for all events in which the removed nucleon reacts with the target and
excites it from its ground state. The second component, called diffractive or elastic
breakup, describes the dissociation of the nucleon from the residue through their
two-body interactions with the target, each being at most elastically scattered. As
a result, the removed nucleon is present in the forward beam with essentially the
beam velocity, and the target remains in its ground state. These processes lead
to different final states, and their cross sections must be added in measurements
where only the residue is observed. Elastic breakup due to the Coulomb inter-
actions, called Coulomb dissociation, plays a minor role for the light targets of
interest here; however, we include it for precise comparisons. The single-particle
cross section can therefore be written

σsp = σstr + σdif + σC, 6.

where interference between the last two terms has been neglected. Except in the
case of halo systems, stripping is usually the dominant nucleon removal mecha-
nism. We do not discuss calculations ofσC.

The stripping and diffractive cross sections are calculated using eikonal or
Glauber theory (54), which has been applied extensively for the interpretation
of experiments with radioactive beams (55, 56). The effects of the interactions
of the removed nucleon and residue with the target enter the formalism through
their phase shifts, which are calculated assuming the fragments each follow a
linear trajectory. The treatment of the nucleon, residue, and target three-body
system is nonperturbative and contains the effects of projectile breakup to all
orders.
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The use of reactions on a light absorptive target such as9Be has several advan-
tages. First, it ensures that the reaction is dominated by the strong interaction and
avoids the need for a rigorous simultaneous treatment of both the Coulomb and
nuclear excitation mechanisms. Second, the requirement that the residue survives
the collision with the target, combined with the highly absorptive character of the
residue-target interaction, ensures that nucleon removal must take place from very
peripheral projectile impact parameters, leading to strong spatial localization of
the reaction at the nuclear surface. The isotope9Be, with no bound excited states,
is an especially good choice because it presents a highly absorptive disk to the
incident projectile. The surface dominance is similar but, due to the strong ion-ion
absorption, is more complete than is calculated in low-energy transfer reactions,
where the light-ion mean free paths determine the surface localization. The early
interest in knockout reactions with radioactive beams was motivated by studies of
nuclear halo states.

3.2. Nuclear Halo States

Single-particle motion in nuclei is rarely as simple as the extreme single-particle
shell model would suggest. As discussed in Section 1, correlations of different
physical origins make the description of most nuclear states a complicated matter.
The nuclear halo states encountered near the drip lines are to some extent exceptions
that bring to mind the hydrogen and helium atoms of atomic physics. Nuclear halos
owe their properties to the weak binding of the last nucleon (or nucleon pair), which
engenders a wave function with an external tail that extends far outside the nuclear
core—the result of quantum-mechanical barrier penetration. Much work has been
dedicated to the halo phenomenon since it was first observed (49) and interpreted
(57) (see, e.g., 14, 58, 59 and several papers in 60). Examples of single-neutron
halos are the ground states of the deuteron,11Be,14B, 15C, and19C. For a neutron
halo, it is usually necessary to evaluate radial integrals out to very large distances
(40–100 fm). Halos with two neutrons depend on then-n interaction for their
stability, the best two-neutron halo cases so far being6He, 11Li, and 14Be. Proton
halos are less pronounced because of the Coulomb barrier. Good examples are the
` = 1 proton orbital of8B, well known for its role in the solar neutrino problem,
and the` = 0 excited level at 495 keV in17F. Proton halos with̀ = 0 are not
encountered as ground states until one reaches the light phosphorus isotopes (7,
61), where the 1s1/2 state fills following theZ= 14 proton subshell closure. Here,
however, the Coulomb barrier is already sufficiently high that the tails of the halo
wave functions are not very pronounced.

The one-nucleon removal reaction experiments on halo states helped to develop
the techniques and understanding that led to the more general application of this
method, to be discussed in Sections 3.3 and 3.4. Some results are given here; a more
detailed discussion, including the process of Coulomb dissociation, can be found
elsewhere (14). Early, inclusive measurements of the momentum distribution of
residues from halo breakup showed narrow distributions that, from the uncertainty
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principle, are expected to be associated with the large spatial extent of the halos.
An obstacle to the understanding of halos was the theoretical prejudice that these
distributions would simply reflect the square of the Fourier transform of the halo
wave function. A closer analysis (62–64) shows that the measurement, in fact,
samples the momentum content of the single-particle wave functionψ`m only at
the nuclear surface and beyond, as was discussed above. A discussion of the early
studies of momentum distributions from halo breakup is in Reference (65). A
second obstacle was that a considerable fraction of the measured cross sections
on single-neutron halo nuclei actually populated excited states of the residue.
This implied that the observed inclusive momentum distribution contained broad
components superimposed on the narrow distribution associated with the halo
state. In the past few years, it has become possible to use gamma-ray coincidences
to separate the individual final-state components. Examples of data obtained in this
way are the reactions9Be(15C, 14C+ γ )X (16), shown in Figure 2, and9Be(27P,
26Si+ γ )X and9Be(19C, 18C+ γ )X (7), shown in Figure 3.

The use of gamma-ray coincidences for establishing partial cross sections re-
quires an input-output balance of the gamma-ray intensities. This may fail in more

Figure 2 Knockout from the 1/2+ neutron halo nucleus15C. The Doppler-corrected
gamma-ray spectrum (a), observed in coincidence with14C reaction residues, shows
that about 20% of the cross section leads to excited states. The dominant part is to a
1− level at 6.09 MeV with the momentum distribution shown by the triangles in (b).
Subtraction of the contributions from excited levels gives the momentum distribution
of the cross section to the ground state (circles), where the errors are smaller than the
size of the points. The solid curves are the parallel-momentum distributions calculated
in eikonal theory for̀ = 0 and 1. The dashed line is the coupled discretized continuum
channel (CDCC) analysis discussed in subsection 3.5. (All distributions are shown in
arbitrary normalization. From Reference 16.)



14 Oct 2003 16:11 AR AR199-NS53-07.tex AR199-NS53-07.sgm LaTeX2e(2002/01/18)P1: IKH

232 HANSEN ¥ TOSTEVIN

Figure 3 The momentum distributions (7, 12) for knockout to the 0+ ground states
obtained by subtracting the (predominantly` = 2) distributions to excited state by the
method of tagging the coincidences integrally with all gamma rays above 0.25 MeV.
The corresponding cross sections relative to the total are 30± 10% for the proton halo
of 27P (a) and 56± 9% for the neutron halo of19C (b). The curves are theoretical calcu-
lations using eikonal theory. (All distributions are shown in arbitrary normalization).

complex decay schemes with many weak and unobserved transitions [see the dis-
cussion (66) of the decay of “pandemonium”]. Experiments will show how serious
this problem will be; fortunately, it will be small for nuclei at the drip lines, which
have very few bound states.

The high-statistics data set obtained in the reaction of15C, with a 1/2+ ground
state, clearly identifies aǹ= 0 knockout to the14C ground state and aǹ= 1
knockout to the particle-hole state at 6.09 MeV. Figure 2b also shows that the
differential cross section deviates from eikonal theory, an effect that was also
observed in neutron knockout from11Be (9). In Section 3.5, we discuss the reason
for this discrepancy, which apparently is specific to halo states.

In cases where the statistics are too low to permit a detailed analysis of the
gamma spectrum, it is still possible to use gamma coincidences as a tag to sepa-
rate coincident and noncoincident events (7, 12). This works well for ground-state
halos, where the subtraction of the coincident events reveals the narrow` = 0 mo-
mentum distributions for the ground-state knockout, as is demonstrated in Figure
3. For the case of27P, in Figure 3a, the dashed line marked “All wf” shows the
parallel momentum distribution computed from the Fourier transform of the full
radial wave function. The shoulders on this distribution are the high-momentum
components due to the inner lobe of the 1s1/2 wave function. This inner region is
not sampled in the reaction and the shoulders are absent from the calculations with
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the correct core-target absorption. Thes-wave cross section to the ground state is
22± 8 mb, only 30% of the inclusive value, and translates into a spectroscopic
factor of 0.44± 0.16 in good agreement with a theoretical value of 0.46. We see
that27P is a complex-structure 1/2+ state, far from a clean halo structure.

The example of19C in Figure 3b demonstrates the extreme sensitivity of the
high-energy knockout method. The narrow momentum distribution identifies the
19C ground state as mainly 1s1/2; ad assignment would have given a much broader
distribution (dashed line). This experiment was carried out with an incident beam
with less than one atom of19C per second (12). Nevertheless, the experiment
furnishes a spin assignment, a rough estimate of the neutron separation energy
(0.8 MeV), and limits on the spectroscopic factor S1/2 = 0.5–1.

We now outline briefly the eikonal calculation of the momentum distributions
of Figures 1, 2, and 3. The results for the stripping mechanism show very little
sensitivity to the details of the absorptive residue- and nucleon-target interactions,
so it is possible to simply represent their elasticS-matrices by the strong absorption
or “black disk” limit. For two bodies, the eikonal approximation (67) leaves the
wave function unchanged throughout space, except that it now vanishes within
a cylinder with an effective absorption radius. The model is thus geometric with
the physical parameter, the black-disk radius, entering through the integration
limit. In the case of a composite projectile, there are two parameters, the effective
target radiusRT and the minimum impact parameterbmin for a given core impact
parameterb. These are chosen to reproduce the empirical nucleon- and residue-
target reaction cross sections at the energy of interest. The results can be expressed
(63) using cylindrical coordinates as a one-dimensional Wigner transform over the
entirez axis, chosen in the beam direction. Explicitly, the differential probability
is

dW`m

dkz
= 1

2π

∫ ∫ ∫
ψ∗

`m(Er⊥, z′)ψ`m(Er⊥, z)eikz(z−z′)dEr⊥dz dz′, 7.

where the integration limits are defined in terms of the vector components in the
x − y plane and where|Er⊥ − Eb| ≤ RT . As is usual, the cross section involves an
integral over impact parameters and sums and averages over all final and initial
states, respectively,

dσ

dkz
= 1

2` + 1

∑
m

∞∫
bmin

dW`m

dkz
dEb. 8.

This procedure estimates the momentum distribution for stripping. It is assumed
that the distribution for the diffractive mechanism has the same shape. We shall
return to this point in Section 3.5.

In these expressions, terms with the maximum value ofmare the most important,
as can be seen from simple geometrical considerations. Examples are given in
Figures 4 and 12. The dominance of extreme-mterms is important for the existence
of alignment effects in the cross sections, a subject that we take up in Section 5.
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Most of the momentum distributions we show have been calculated using Equations
7 and 8. These approximate (black-disk) expressions also give quite good absolute
stripping cross sections, typically within 20–30% of those computed using the
more precise formulas to be discussed in Section 3.3.

It is also possible in special cases to derive analytical expressions for the dis-
tribution, Equation 7, assuming the single-particle wave functions are sufficiently
accurately represented by their asymptotic form. For an` = 0 neutron halo state,
this is a Yukawa wave function defined by the parameterκ = (2µSn)1/2/h̄, ex-
pressed in terms of the reduced mass and the neutron separation energy. For a target
with a large radius, approximated by a planar cutoff, the distribution is (58, 62)

dW00

dx
= 1

π

1

(1 + x2)
C1(w), 9.

where the dimensionlessx is the momentumkz in the beam direction measured in
units ofκ. The expression has the appealing form of the one-dimensional Wigner
transform of the entire wave function multiplied by a correction function that can
be expressed as a parametric integral,

C1(w) =
π/2∫
0

cosθ exp[−2w/ cosθ ] dθ, 10.

with w = (b − RT )κ(1 + x2)1/2. The effect ofC1(w) is to suppress the unphysi-
cal high-momentum components of the one-dimensional Lorentzian, which arise
from the singularity of the Yukawa function at the origin. The result shows that
the momentum distribution should scale with the dimensionless parameterx. The
comparison of the measured momentum distributions for11Be and15C is shown
in Figure 6 of Section 3.5 and reveals that this scaling holds empirically with great
precision.

It is also possible to derive analytic expressions that are valid in the limit of a
very small target radius (63). For` = 0, the two approximations give very similar
results, agree with experiments on halo nuclei, and agree with the more realistic
calculations based on Equation 7. Expressions for` = 1 and 2 have also been
derived (63, 68) but are of limited value because the use of the asymptotic form is
a poor approximation to the actual wave function for non-halo states.

The halo states are, by definition, very close to a continuum threshold and the
radial wave function of the least bound nucleon is very sensitive to the actual sep-
aration energy. In reactions in which a halo particle is present both before (ψ1) and
after (ψ2) the reaction, it will be necessary to consider the (radial) mismatch be-
tween the initial and final nucleon states due to the change in the average potential.
Such a mismatch factor is defined as

M =
∣∣∣∣ ∫ dEr ψ∗

2 (Er )ψ1(Er )

∣∣∣∣2 ≈ 4
√

Sn1Sn2(√
Sn1 + √

Sn2
)2 , 11.
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where the right-hand approximation, giving the explicit dependence on neutron
separation energiesSni , is based on Yukawa wave functions and hence is appro-
priate only fors-states. The quantityM may be viewed as a small multiplicative
correction to our spectroscopic factors, which are obtained from a shell-model
description that does not include continuum states. In most casesM is unity, but
the correction can be of some importance if the nucleon orbital in the initial or final
state is close in energy to a particle threshold. An example of this effect is provided
in the (12Be,11Be) single-neutron knockout (10), discussed in Section 3.4. In this
case, part of the cross section will be to continuum states above the threshold.
There is a clear analogy here to the shake-off effects in atomic physics and to the
“ghost states” of nuclear physics (see comments in 14).

3.3. Single-Particle Cross Sections in Eikonal Theory

To provide a more accurate evaluation of the single-particle cross sections aris-
ing from the stripping and diffractive breakup mechanisms, we make use of the
spectator-core approximation to the many-body eikonal theory. Here core is syn-
onymous with residue, the state of theA − 1 nucleons that remain after a single
nucleon is removed. Such an approach uses more realistic nucleon- and residue-
target elasticS-matrices than the black-disk approximation of Equation 7. This is
essential for a quantitative discussion of deduced spectroscopic factors.

A quite general formal derivation of the inelastic breakup (stripping) cross
section is presented by Hussein & McVoy (69) and is also expressed there in the
spectator, eikonal limit. The essential step is that the many-body projectile-target
system can be reduced to an effective three-body problem, comprising the target,
the residue, and the removed nucleon, by use of the spectator approximation—that
the (A−1)-body residue is at most elastically scattered by the target. In the absence
of dynamical excitation, itsS-matrix with the target is diagonal with respect to
core states. The removed nucleon’s structure then enters the calculation through
the single-particle overlap functionψ j for the specificA-body initial and (A− 1)-
body final states, discussed in Section 2.1. Using the notation developed above,
the stripping cross section can then be written (8, 12, 13, 70)

σstr = 1

2 j + 1

∫
dEb

∑
m

〈ψ jm|(1 − |Sn|2)|Sc|2|ψ jm〉. 12.

The quantitiesSc andSn are the elasticS-matrices, or profile functions (71, 72),
for the residue–target and removed-nucleon–target systems, and are expressed
as functions of their individual impact parameters with the target. These can be
calculated from empirical potentials, folding approaches, or multiple scattering
theory. In the analyses presented, they are calculated using the optical limit of
Glauber’s eikonal (multiple scattering) theory (54). The nucleon-residue relative-
motion wave functions|ψ jm〉 are calculated as eigenstates of an effective two-body
Hamiltonian containing a local potential whose depth is adjusted to reproduce the
physical separation energy of the nucleon from the initial state, with givenn`j , to
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the residue state of interest. In other words, this energy is the sum of the ground-state
nucleon separation energy and the excitation energy of the level. Many calculations
have been carried out assuming a fixed Woods-Saxon potential with radius and
diffuseness parameters of 1.25 fm and 0.7 fm. We discuss the sensitivity to the
choice of these parameters in Section 4. Equation 12 has a simple interpretation.
It is the integral over all impact parameters, and average overm substates, of the
joint probability of the residue scattering elastically (given by the quantity|Sc|2)
and of the nucleon exciting the target and being absorbed from the elastic channel
[given by the quantity (1− |Sn|2)].

The form of the corresponding single-particle cross section for diffractive
breakup is less intuitive. The diffractive cross section, summed over all contin-
uum relative-motion final states of the nucleon-residue system (13), is

σdif = 1

2 j + 1

∑
σ,m

∫
dEk

∫
dEb|〈ψEkσ |(1 − S)|ψ jm〉|2, 13.

where we have abbreviatedS = ScSn. Here, consistent with the spectator-core
approximation, the continuum breakup statesψEk are assumed eigenstates of the
same two-body Hamiltonian that initially bound the pair. Completeness of the
bound and continuum two-body eigenstates then gives, using closure,

σdif = 1

2 j + 1

∫
dEb

∑
m,m′

[〈ψ jm| |1 − S|2|ψ jm〉δmm′ − |〈ψ jm′ |(1 − S)|ψ jm〉|2] ,

14.

eliminating the need to carry out integration over the continuum. In writing Equa-
tion 14, we have also assumed that the spectrum of the two-body Hamiltonian has
only a single bound stateψ j . Although this is clearly an excellent approximation
for light halo states, where the ground state is often the only bound state, in general,
other bound states will contribute additional terms that must also be subtracted on
the right of Equation 14. These off-diagonal bound-state matrix elements take the
form of single-particle inelastic excitations that are very small (13) at intermediate
energies. Their effect will be to reduce the diffractive cross section calculated using
Equation 14.

Reactions in which a weakly bound valence nucleon is present both before
and after the reaction, but with significantly different separation energies, were
discussed in the preceding subsection in connection with the radial mismatch
factors. An additional consideration is in transitions where a more bound nucleon
is stripped from a halo nucleus, or one with weakly bound valence nucleons. Such
situations arise in the stripping ofp3/2 and p1/2 neutrons from the 1/2+ 11Be and
15C ground states, respectively. The reaction residue (core) in such instances is
itself a weakly bound composite (8), with an enhanced absorption and reduced
survival probability, because of the breakup mechanism with the target. In such
cases, the residue should therefore be treated as a composite of a massA− 2 core
b and a nucleon bound in a stateφ, and the residue-targetS-matrixSc calculated
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according to Reference (8):

Sc = 〈φ|SbSn|φ〉. 15.

For neutron halo states, Equations 12 and 14 make roughly equal contributions
to the single-particle cross section. This circumstance is related to the early finding
that the total cross section for fast neutrons is approximately twice the geometrical
value. An experiment with11Be, incident at 41 MeV/nucleon on a9Be target
(73), observed the broad angular distribution of the neutrons (out to 20◦) expected
from the diffractive process. The measured cross section of 120± 24 mb was
close to half of the inclusive cross section of 290± 40 mb, as expected for a
pronounced halo state incident on a strongly absorptive target. A new experiment
at the GSI-Darmstadt (T. Aumann, personal communication) has determined an
elastic-breakup cross section of 26.9 ± 1.4 mb for 11Be at 520 MeV/nucleon on
a carbon target. This is in good agreement with theoretical values of 28–32 mb,
depending on the particular choice of parameters. (According to theory, 17% of
the cross section arises from Coulomb breakup.) For more strongly bound states,
the contribution from stripping (Equation 12) is typically a factor of 2–3 greater
than that from diffraction (Equation 14). There is actually very little experimental
information on the relative roles of the two individual contributions. Enders et al.
(18) recently tested the ratio in the case of proton knockout. For8B, with the results
summed over the two populated7Be final states, they found values of 1.8 (theory)
and 2.5± 0.9 (experiment) for the stripping-to-diffraction ratio. The corresponding
results for9C were 2.2 (theory) and 2.8± 0.9 (experiment). In both instances, the
results agree within the experimental errors, but there is perhaps an indication that
the diffractive breakup is relatively weaker than predicted by Equation 14.

The essential parameters used in the calculation of theS-matricesS are an
effective nucleon-nucleon interaction and the assumed matter distributions, and
their root mean squared (rms) radii, of the core and target nuclei. The effective
interactions are constructed using the empirical free nucleon-nucleon cross sec-
tions (74) and the theoretical real-to-imaginary-part ratios of the forward-scattering
nucleon-nucleon amplitudes, as tabulated by Ray (75) for intermediate energies.
The effective interaction was assumed to be of zero range for energies above 0.3
GeV/nucleon. For all lower energies, a Gaussian form, of range 0.5 fm, was used (8)
that reproduces measured ion-ion reaction cross sections for systems such as12C-
12C and27Al-12C at 83 MeV/nucleon (76), and thep-9Be system at 60 MeV/nucleon
(77). The point-particle rms matter radii for many of the reaction residues of in-
terest are now available as measured values [see the review by Ozawa et al. (78)].
Our results are rather insensitive, however, to fine details of the assumed matter
radii.

3.4. Examples of Spectroscopy with Knockout Reactions

Accumulating evidence indicates that in neutron-rich nuclei near the drip line the
conventional shell gaps associated with the magic numbers disappear and that new
gaps corresponding to other subshell combinations appear. As a clear example,
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TABLE 1 Spectroscopic factors in the9Be(12Be,11Be)X reaction∗ (10)

12
11Sj

E σstr σdif σC

j π (MeV) σexp (mb) M (mb) (mb) (mb) exp. WBT 0h̄ω

1/2+ 0 32.0 ± 4.7 0.79 55.3 24.6 0.8 0.50± 0.07 0.61 0.0

1/2− 0.32 17.5± 2.6 0.83 36.7 13.0 0.3 0.42± 0.06 0.99 2.18

5/2+ 1.8 — — 37.1 12.6 — — 0.48 0.0

∗The calculation of the experimental spectroscopic factors Sj is discussed in the text. We compare them with the shell model
results obtained for a closedp-shell (labeled 0̄hω) and a calculation using the WBT interaction (80). For the latter it was
assumed that the lowest [0p]8 and [0p]6[1s, 0d]2 0+ states in12Be are degenerate (10).

Table 1 shows the case of theN= 8 nucleus12Be studied in the9Be(12Be,11Be
+ γ )X neutron knockout reaction (10). The reaction populates the 1s1/2 ground
state and the 0p1/2 excited state of11Be at 320 keV, the latter being the only bound
excited state in this nucleus. A closedp-shell for12Be would imply a spectroscopic
factor close to 2 for this 1/2− excited level at 320 keV. The gamma spectrum, in
coincidence with the11Be residues, does reveal a strong gamma ray of this energy,
but the corresponding intensity and absolute cross section are only one quarter of
those expected for the closed shell. Furthermore, the cross section to the 1/2+ 11Be
ground state is twice as large. This reveals the presence of an important [1s1/2]2

component in the12Be wave function and shows that thesd-shell has already
begun to fill appreciably atN= 8. The measured residue momentum distributions
associated with the two states confirm the expected` = 0 and 1 assignments.

The quantitative details shown in Table 1 have been expanded somewhat from
the original publication (10) to illustrate more details of the analysis of a knockout
experiment. The nuclear single-particle cross sections have been calculated from
Equations 12 and 14. The initial state in this case consists of a pair of valence
nucleons, one of which is a spectator, and the final-state residues are halo nuclei.
This is a case where the few-body composite structure of the residue must be taken
into account and theSc corrected, according to Equation 15. This correction is
small in the case of12Be compared to the 10%–15% reduction of the single-particle
cross sections obtained for the removal ofp3/2 core-state neutrons from11Be (8, 9).
Relative to a one-body core calculation, based on an rms matter radius of 2.45 fm
[the average of the measured values for10Be and12Be (78)], the composite-core
cross section is lower by about 2% for thes-state and higher by about the same
amount for the other two states.

For completeness, Table 1 also includes the single-particle Coulomb-
dissociation cross sectionσC (79), which turns out to be negligible. The large
difference in neutron separation energies between12Be and11Be means that the
mismatch factorsM, calculated from Equation 11, differ appreciably from unity.
The experimental spectroscopic factors are obtained by dividing the measured
cross sections by the totalσsp and by the mismatch factorM. In this way, the results
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can be compared directly with the theoretical spectroscopic factors (10, 80). These
include the center-of-mass correction, which those in Reference (10) did not.

The spectroscopic factors to the two final states are both close to 0.5, well
below the sum-rule total of 2. The missing components are almost certainly in
the [0d5/2]2 configuration, but knockout from this component will lead to the un-
bound 0d5/2 configuration in11Be and therefore cannot be observed in a gamma-
ray experiment. This experiment is a direct demonstration of the breakdown of
theN= 8 shell closure and shows a pairing-type wave function with comparable
[1s]2 + [0p]2 + [0d]2 components, characteristic of a deformed nucleus. This is
especially striking because the even-even14C neighbor, with eight neutrons, is
very magic. (We note for completeness that the fact that the 1s1/2 intruder is the
ground state in11Be does not permit simple conclusions about12Be; the mea-
surement shows that the ground state is very different from [1s1/2]2.) The highly
deformed character of12Be finds support in two recent experiments by Iwasaki
et al. (81). Using inelastic scattering on a proton target, they find evidence for a
strong quadrupole deformation of the neutrons and, on a heavy target, a strong
E1 excitation to a 1− level at only 2.68 MeV. The12Be experiment also poses the
question: Does the neutron halo of theN= 8 neighbor,11Li, also have a significant
0d5/2 neutron component? This was not considered in the recent experiment on
continuum states, which is discussed in Section 3.6.

Other examples are provided by the nuclides15,17C, shown in Figures 1 and 2.
These nuclides are discussed in the original papers (12, 16), which demonstrate the
potential of the knockout method for testing both spin assignments and, through the
spectroscopic factors, details of the composition of the many-body wave function.
The identification and interpretation of the mixed` = 0,2 transition, shown in
Figure 1b, is a particularly striking example. Although single-nucleon Coulomb
dissociation is outside the scope of the present article, it is instructive to compare
the knockout analyses with Reference (81a) and also with recent GSI results (82),
which studied the same two nuclei using reactions on a lead target. The results
clearly demonstrate the selectivity of Coulomb dissociation tos- and halo-state
components, for which it complements knockout reactions in an interesting way.
Coulomb dissociation is likely to be of only limited value for deeply bound or
higher` states.

An example of a proton halo state is provided by8B, in which the proton is bound
by only 0.1375 MeV. We return to this nucleus in Section 4.1, in connection with
the determination of absolute spectroscopic factors from knockout reactions. The
nucleus8B has been the subject of numerous studies because of its importance
for the solar neutrino problem. A recent GSI experiment by Cortina-Gil et al.
(83) measured gamma rays in coincidence with7Be residues and separated the
cross sections to the two final states. Figure 4 shows the data, which are in good
agreement with calculations based on Equations 7 and 8. An alternative analysis,
based on eikonal reaction theory and a cluster model (83), gives very similar results.
The dashed lines show the contributions of the|m| = 0 and 1 proton magnetic
substates to the inclusive spectrum. We note that the contribution from the|m| = 1
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Figure 4 Knockout from the proton halo nucleus8B at 936 MeV/nucleon (83). The
Doppler-corrected gamma-ray spectrum (a), in coincidence with the reaction residues,
shows that 13±3% of the cross section goes to the7Be1/2− excited state. The coincident
and inclusive momentum distributions (b) agree well with the parallel-momentum
distributions calculated in eikonal theory for` = 1, shown as solid lines. The dashed
lines show the relative contributions of|m| = 0 and 1 to the inclusive spectrum.

components is greater by more than the factor of 2 expected from statistical weights,
suggesting a general possibility of alignment effects. This is discussed briefly in
Section 5.2.

As a final example, Figure 5 shows residue momentum distributions for the
one-neutron knockout on34Si, which has 20 neutrons. The experiment finds cross
section to only three final states (15): the ground state (3/2+), a state at 1.01 MeV
(1/2+), and a state at 4.49 MeV (5/2+), corresponding to the threesd-shell orbitals.
The assignments are clear, although the difference in shapes for the two` values
is far less pronounced than for the halo cases of Figures 2b and 3b because of
the relatively high neutron separation energy, 7.54 MeV, of34Si. (The analogous
effect is well known for transfer reactions, where the angular distributions are less
distinct for deeply bound states.) The spectroscopic factors Sj of the lowest two
states are close to the maximum sum-rule values, (2j + 1), represented by the two
points on the extreme right in Figure 5 (right panel). This shows that the shell
closure atN= 20 is preserved in34Si; this is interesting because the shell gap
breaks down for32Mg with just two fewer protons. Knockout studies on this and
other cases in this mass region could map how negative parity intruder states affect
the structure as the drip line is approached.

The data in Figure 5 (left panel) also invite discussion of the question of the
absolute velocities of the residues, which, in the sudden approximation, are equal to
the projectile velocity. This is the “no momentum transfer” assumption underlying
Equations 4 and 5. The (nominal) beam momentum of the34Si experiment was
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Figure 5 Left: Parallel-momentum distributions of the reaction residues in the
(34Si,33Si) neutron knockout reaction obtained from gamma-coincidence data (15).
Theoretical, eikonal approximation (63) estimates are shown for` = 0 (solid) and
` = 2 (dashed). The heights and centroids of the theoretical curves have been scaled
to match the data.Right: Experimental versus theoretical spectroscopic factors in units
of the sum-rule value (2j + 1). The dashed line is the diagonal. The two, basically
unrelated, quantities are seen to be correlated with a scale factor of approximately unity.

calculated to be 12.270±0.030 GeV/c, in good agreement with the observed peak
values for the 3/2+, 1/2+, and 5/2+ states of 12.200±0.004, 12.250±0.003, and
12.250± 0.010 GeV/c, respectively, where the errors are statistical only. The fact
that the experimental distributions were measured at one setting of the spectrograph
and represent subsets sorted on the basis of coincidences with gamma rays permits
a more accurate statement about relative momenta because the absolute scale drops
out. The distribution associated with the 3/2+ ground state is centered at a parallel
momentum that is lower than those of the two higher levels by 50± 5 MeV/c. A
similar effect can be seen in the15C data of Figure 2b, except that in this case it is
the excited level that is shifted down by∼8 MeV/c relative to the ground state. The
origin of these (small) shifts remains an interesting puzzle. That shifts of opposite
sign are obtained for two excited states would seem to rule out a simple connection
to energy- and momentum-conservation laws.

To conclude this discussion, we examine how well the spectroscopic factors de-
duced from the 27 partial cross sections measured so far by the gamma-coincidence
method agree with structure theory for thep-sdshells. Figure 5 (right) shows that
the results, expressed in units of the maximum sum-rule value (2j +1), agree very
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well. The four points that are lower than the systematics correspond to states at exci-
tation energies of 6 MeV (in10Be and14C) and 4.3 MeV (in33Si). They may possibly
indicate that at these separation energies the single-particle strength is spread more,
or differently, than predicted by theory. Alternatively, the cross-section reduction
factor of roughly a factor of two could reflect a quenching of shell-model strength
associated with effects that we discuss in Section 4.1. The consistency and accuracy
of the combination of the shell model and eikonal reaction theory also find support
in a series of measurements of inclusive cross sections for 22 nuclides (84). In the
absence of gamma coincidences providing partial cross sections, it is necessary
to compare the measured cross sections with the sum of all theoretical knockout
partial cross sections below the neutron threshold. The results translate into an av-
erage ratio of 0.92± 0.04 (see 14), in good agreement with the results of Figure 5
(right).

3.5. Noneikonal Theoretical Models

Two approximations underpin the eikonal few-body model description of the strip-
ping and diffractive breakup mechanisms discussed in Section 3.3 and exploited
above. The first is the adiabatic or sudden approximation—that the projectile en-
ergy is sufficiently high, and hence the collision time sufficiently short, that the
residue-removed nucleon relative motion can be considered frozen during the col-
lision. The approximation is implicit in Equations 12 and 14, where the reactionS-
matrices are calculated at fixed impact parameters and then appropriately averaged
over all available configurations of the constituents in the projectile. Formally, the
approximation to the full three-body model is that, for the purpose of the reac-
tion dynamics, the excitation energy associated with the relative motion of the
nucleon and residue is small and is neglected (85). The approximation does not
conserve energy and, in particular, does not account for energy transfer between
the center-of-mass and relative-motion degrees of freedom of the residue and re-
moved nucleon. The adiabatic condition is well satisfied for collisions on a light
target at intermediate energies.

The second is the eikonal approximation. After making the adiabatic approxi-
mation one solves the Schr¨odinger equation assuming the projectile’s constituents
follow (constant velocity) straight-line paths. It is assumed, therefore, that the elas-
tic S-matrices entering Equations 12 and 14 are computed accurately in this limit
(54). Calculation schemes that remove one or both of these approximations are
available to assess their importance.

One such recent study has been carried out by Esbensen & Bertsch (86), using
direct numerical solution of the time-dependent Schr¨odinger equation to assess the
eikonal few-body approach. The time-dependent approach follows the evolution
of the nucleon’s wave function in the time-dependent potential field it experiences
with the target (87). The approach thus does not involve either adiabatic or eikonal
approximations for the nucleon motion. On the other hand, the heavy residue’s
motion is still assumed to follow a simple trajectory with constant velocity and
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so is not treated dynamically, and it cannot share energy with the target and nu-
cleon. The analysis shows that the eikonal approximation slightly underestimates
the calculated single-particle cross section at all energies, but with a maximum
deviation of only 20% at the lowest energy considered, 20 MeV/nucleon. At the
energies of the knockout reaction analyses considered here, the deviation is at
most a few percent (86). These reduced cross sections of the eikonal model are
readily understood, since the eikonal nucleon-targetS-matrices calculated from
potential models have a smaller spatial extent (88), effectively underestimate the
size of the target, and underestimate the nucleon-target reaction cross section at
low energies. Given the surface dominance of the knockout reaction, both the strip-
ping and diffractive cross-section contributions are also reduced. Calculations that
use an exact nucleonS-matrix, which is obtained by analytically continuing the
partial-waveS-matrix and which calculates the correct reaction cross section, are
qualitatively and quantitatively very close (89) to the noneikonal calculations of
Reference (86).

A closely related treatment of the reaction is provided by the transfer-to-the-
continuum (TC) approach of Bonaccorso & Brink (90), developed from the semi-
classical transfer model of Hasan & Brink (91). Once again the nucleon’s motion is
allowed to evolve with time, and the adiabatic and eikonal approximations are not
made. In addition, by assuming the residue follows a straight-line path and that the
final-state interactions of the nucleon and the residue can be neglected, one avoids
the need for a time-dependent solution, and much of the calculation can be carried
out analytically. However, an important additional approximation required to en-
able the analytic reduction is that only the (Hankel function) asymptotic form of the
nucleon-core initial bound state and of the nucleon-target final-state wave function
(theS-matrix) are involved. Although this will be a reasonable approximation for
the neutron halo states, this approximation is not quantitative for more bound and
non-s-state transitions, as was discussed in the context of the analytic formulae for
the momentum distributions in Section 3.2. Nevertheless, an interesting predic-
tion of this model is that for̀ = 2 transitions, the linear and angular-momentum
matching conditions involved in the nucleon’s transfer between the residue and the
target lead to momentum distributions with a marked asymmetry (92). This pre-
diction has yet to be confirmed experimentally with data of sufficient statistics. In
cases where the eikonal and TC model predictions for theσsp have been compared
directly (e.g., 15, 93), the agreement is very good.

Recently (16), the coupled discretized continuum channels (CDCC) method
(28, 29) has also been used to investigate the accuracy of the eikonal method.
CDCC proceeds by constructing a square-integrable basis of relative motion states
in the separation of the projectile constituents on which to expand the three-body
wave function of the projectile and target. Using this basis, CDCC approximates
the three-body problem by an effective two-body coupled-channels equation set.
Unlike the methods discussed above, the CDCC solves the full three-body prob-
lem without approximating the three-body dynamics. To date, CDCC has been
used to calculate only the diffractive-breakup part of the knockout reaction. The
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calculations (see Table I of Reference 16), confirm that the integrated diffractive
single-particle cross sections of the eikonal model are reliable. CDCC also per-
mits the study of more precise features of the data, such as the observed low-
momentum tail on the measured parallel momentum distributions for the ground-
state–to–ground-state transitions in11Be and15C (9, 16) (see also Figure 2). By
definition, the momentum distributions are symmetric (see Figure 2), within the
eikonal model.

Details of CDCC, of the calculation of the breakup triple differential cross sec-
tions, and of the parallel momentum distributions of the residues can be found in
References (94) and (16). For breakup of the11Be and15C halo systems on a9Be
target at 50–70 MeV/nucleon incident energies, breakup energies up to 30 MeV
and relative-motion partial waves up tog-waves were needed in the neutron-
residue system. Such values are rather universal, reflecting the linear and angular-
momentum transfer induced by the surface diffuseness of the constituent-target
nuclear tidal interactions.

Figure 2b shows the measured momentum distributions for the15C beam of
54 MeV/nucleon. The solid curves are the eikonal calculations. The dashed curve,
which includes the CDCC calculation of the elastic breakup component, gives an
excellent description of the measured asymmetry of the ground-state momentum
distribution. The agreement with the11Be data is of equal quality. We attribute this
agreement to our correct treatment of the continuum, of the flux excited, and of the
reduction in energy available to the residues. To date, this effect has been observed
experimentally only for halo states, which is consistent with the large diffractive
cross-section component in these cases.

The details of the distributions in Figure 6a are now fully understood and can
be reproduced with high accuracy. This being the case, Figure 6b now adjusts
the momentum scale for the11Be data, according to the ratio of the15C and11Be
separation energies,

√
1.218/0.503, to test the scaling property discussed following

Equation 10. It is clear that the data sets are essentially identical upon scaling,
reflecting the universal character of the distribution, including the low-momentum
tail, for these halo systems.

3.6. Knockout to Continuum States

It is a much more delicate matter to apply direct reactions to study nuclei with
no bound states. We take as an example theN= 7 isotones, where11Be marks the
neutron drip line. Here, single-particle states in the systems located one and two
steps beyond the drip line,9Li + n and8He+ n, have both been studied in direct
reactions. Especially for thes-states, which are not expected to show a resonant
behavior, the ideal approach would be to measure the phase shifts from neutron
elastic scattering as a function of energy. However, even though both nuclei and
neutrons are available as beams, none is available as a target. An alternative is
to investigate final-state interactions in the decay spectra of the unbound residual
nuclei (here,10Li and9He) formed in direct one- and two-proton knockout reactions
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Figure 6 Comparison of (a) the measured parallel momentum distributions, in the
projectile rest frame, for the ground-state–to–ground-state transitions in neutron re-
moval from11Be (solid diamonds) and15C (open squares) at energies of 54 and 60
MeV/nucleon, respectively (16). The lines are a guide to the eye. In (b) the filled circles
show the result of scaling the width of the11Be distribution by the square root of the ra-
tio of the separation energies,

√
1.218/0.503, an illustration of the scaling relationship

discussed in connection with Equations 9 and 10.

from 11Be (95, 96). Because the valence neutron in11Be is predominantly in a
1s1/2 state, these reactions will have a favorable spectroscopic strength to an` = 0
neutron final state. Both show a strong final-state interaction in the` = 0 channel
indicative of a low-lyings-state. The strength of this neutron interaction is best
parameterized in terms of the neutron scattering lengthas, with |as| found to be
large in both cases: For9Li + n, as < −20 fm, and for8He + n, as < −10 fm.
This suggests that the 1/2+ virtual states are the ground states of10Li and 9He.
This is expected from the level systematics of theN= 7 isotones, based on data
from References (95, 97–99) and (100) (see Figure 7 and Reference 101).

The momentum distribution of the (A − 2) residue in the breakup of a two-
neutron halo is a long-standing problem. Simon et al. (102) have demonstrated
how to approach it. They reconstructed the combined momentum distribution of
the9Li + n residue that is formed in stripping a neutron from11Li on a light target.
The9Li + nmomentum represents the quantityEkA−1 in Equation 5 and is related to
the momentum distribution of the stripped neutron in the same way. The measured
momentum distribution could be resolved into approximately equal contributions
from [1s]2 and [0p]2 components. An even more striking signature was obtained
in that experiment by observing the angular correlation of the decay products from
the recoiling10Li (Figure 8). The strong forward-backward asymmetry observes
directly the interference between the` = 0 and 1 final states. Similar experiments
have been carried out for6,8He (103).
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Figure 7 Systematics of the eigenenergies (101) of the 1/2+ (circles, dashed curves)
and 1/2− (squares, solid curves) states as a function of the proton number for the
N= 7 isotones. The effective single-particle energy is taken as the difference between
the nuclear excitation energy and the ground-state neutron separation energy. In15O
with one neutron hole in the 8-8 doubly-closed shell, the 1/2+ state belonging to
the next (sd) shell is 5 MeV above the 1/2− ground state. The two states approach
each other with decreasing proton number. In11Be they have crossed so that the 1/2+

intruder is the ground state, and thes andp states are bound by only 0.50 and 0.18
MeV, respectively. Both are halos with radii close to 7 fm. (The core radius is 2.3 fm.)
The same states have been observed (95, 97–100) as continuum states in the unbound
nuclei 10Li and 9He. The insets show the calculated single-particle wave functions
χ (r ) = r R(r ) againstr calculated for a Woods-Saxon potential. Both states are deeply
bound with spatially well-localized wave functions in15O; they are halos in11Be and
continuum wave functions in10Li (shown for a kinetic energy of 0.5 MeV) and9He.
Reproduced with permission from Elsevier.

4. ABSOLUTE SPECTROSCOPY AND SHORT-RANGE
CORRELATIONS

Very recently, work has been done to assess whether the one-nucleon knock-
out reaction can provide accurate absolute occupancies of orbitals in the valence
shell (17, 18). These initial studies suggest that it can. If this holds true as more
experimental evidence becomes available, it will allow a more systematic explo-
ration of the foundations of the shell model, incorporating data for both neu-
tron and proton orbitals. Experimentation with radioactive beams will also allow
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Figure 8 Left: 10Li residue momentum distributions measured following neutron
removal from11Li on 12C at 287 MeV/nucleon.Right: Angular correlations of the decay
neutrons measured relative to an axis defined by the10Li recoil direction as shown in
the inset. The points are the experimental data and the histogram is a reconstruction
corrected for experimental resolution and acceptance effects. Note the strong forward-
backward asymmetry, which reflects interference of the` = 0 and 1 final states. (From
Reference 102 with permission.)

the study of loosely bound states in very unstable systems, such as nuclear halo
states.

The wider perspective is that data of this kind may reveal the contributions from
correlations in the single-particle motion arising from effects not normally included
in a shell model with effective interactions. For simplicity we refer to these as short-
range correlation effects, but spin-dependent interactions associated with the tensor
force, and possibly other phenomena, will also enter. This was the subject of the ear-
lier discussion, in Section 2.2, of the (e, e′ p) reaction, which has been considered
uniquely able to access absolute spectroscopic factors. Here, in addition, we present
the (still limited) evidence for the use of knockout reactions for determining the
asymptotic normalization coefficients of single-particle wave functions, an appli-
cation recently suggested by Trache et al. (104). In this connection, we assess the
likely precision with which spectroscopic factors and asymptotic normalization
coefficients can be obtained from these surface-dominated direct reactions.

4.1. Quenching Factors Rs from Knockout Reactions

Several papers have attempted to analyze how well measured cross sections agree
with the theory outlined in Section 3. For the set of about 25 measured partial cross
sections, most for weakly bound nucleons in thep-sdshells, a first survey (14, 15)
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found that a plot of the deduced experimental spectroscopic factor versus that of
theory (the shell model) had a strong correlation with most but not all points close to
the diagonal (see Figure 5,right). However, in many cases the experimental errors
are large and the theoretical values sensitive to the precise choice of parameters.

Brown et al. (17) and Enders et al. (18) carried out a more exacting comparison
by selecting cases where the structure is well studied and well understood, such as
16O and12C as well as the radioactive8B and9C. For these cases, accurate inclu-
sive cross-section data, good to≈5%, have also been taken over a wide range of
energies—for the8B case from 0.08 to 1.44 GeV/nucleon. This range tests that the
spectroscopic factor is extracted consistently; furthermore, the eikonal model is at
its most reliable at high energies. Several refinements improved the accuracy of
the analysis. The rms radii of the projectile cores and the target were taken from
experiment. In the earlier systematic studies (14), the wave functions describing
the nucleon-core relative motion were calculated in a Woods-Saxon potential with
a “standard” set of radius and diffuseness parametersr0 = 1.25 fm anda= 0.7 fm.
For the test cases discussed here, it was possible to use optimized values based on
experiment or, in the case of15C, on a self-consistent Hartree-Fock calculation.
For each of the three projectiles discussed in the present work, analyses exist that
permit the selection of such an optimized set. Use of the “standard” set does not
change the conclusions appreciably.

Under the assumption that a considerable portion of the correlations arising
from the long-range part of the nuclear force are included in the shell-model
spectroscopic factors Sth

j , we define an empirical reduction factor,

Rs = Sexp
j

Sth
j

, 16.

for a partial cross section with a singlej value. For an analysis of an inclusive
knockout cross section, the averageRs can be defined as the ratio of the cross
section to the sum of the theoretical cross sections to all states that lie below the
nucleon threshold (see 17).

The results of the analyses for the cases where the nucleons are strongly
bound are shown in Figure 9. The effective separation energies here cover the
range 10–19 MeV. The results for protons, of 0.5–0.65, are in good agreement
with those from (e, e′ p) reactions (44). The results for neutrons, which could
not be obtained in electron-scattering experiments, are very similar, as would
be expected from isospin symmetry. The physical occupancies are much lower
than those suggested by shell-model calculations. A completely different picture
emerges for the data taken with loosely bound, halo-like states, shown in Fig-
ure 10. In these cases, theRs factors are 0.8 to 0.9, which may explain why the
first analyses, discussed above, find little quenching of the spectroscopic factors.
This interplay of long- and short-range correlations clearly poses an interesting
challenge to theory and to experimentation with radioactive beams in the years
to come.
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Figure 9 Systematics of the reduction factorRs, attributed to short-range correlations,
for the isotopes12C and16O (17) based on data from References (105) and (106) and
for 57Ni. (K.L. Miller, unpublished). The reactions leading to the final states have
nucleon separation energies in the range 10–19 MeV. The open squares are the results
for proton knockout; the full circles are for neutron knockout. The57Ni experiment
used a beryllium target, whereas the other experiments used a carbon target. The
measurements, except for the 1p3/2 state of57Ni, are inclusive.

4.2. Experimental Sensitivity to Single-Particle Orbitals

Nuclear astrophysics studies often need absolute cross-section information in an
energy range that is not directly accessible to experimentation. For radiative capture
reactions, an essential quantity of interest is the large-distance behavior of the
bound-state wave function; the continuum single-particle wave function is assumed
to be better understood. One recent paper (37) starts from the assumption that
knockout reactions furnish precise absolute occupancies, a viewpoint that finds
support in the results presented in Section 4.1. From Equations 2 and 3, and the
definition of Rs (Equation 16), we can obtain an expression for the asymptotic
normalization coefficient

C2
` = σexp

(σstr + σdif + σC)

(
r L R`(r L )

W−η, l+ 1
2
(2krL )

)2

, 17.

where a possible contribution from Coulomb dissociation has been included. This
expression is conveniently insensitive to specifications of nuclear-structure pa-
rameters and illustrates why the asymptotic normalization coefficient can be ob-
tained with somewhat higher precision than the spectroscopic factor (37). The
essential point is that the square of the single-particle wave function and the
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Figure 10 Systematics of the reduction factorRs, attributed to short-range correla-
tions, for the isotopes8B (17) (with data from References 83 and 107–109),9C (18),
and15C (J.R. Terry, unpublished). The final states have nucleon separation energies
in the range 0.14–1.3 MeV. Open squares represent the results for proton knockout;
solid circles are for neutron knockout. The15C experiment used a beryllium target, the
others carbon targets. The measurements for8B are inclusive, but a recent experiment
(83) found that the branch to the7Be excited level is 13± 3%, in agreement with the
theoretical calculation (see Figure 4).

theoretical cross sections are correlated. We examine this question further be-
low. The technique has been applied to deduce the asymptotic normalization of
proton wave functions for the8B and9C nuclei (17, 18, 37, 104). The results are
consistent with measurements by other methods.

Knockout reactions sample the nucleon wave functions near the nuclear surface.
Information deduced on absolute spectroscopic factors must therefore involve an
extrapolation to take account of the interior parts of the wave function. We can
estimate the fraction of the wave function observed by the ratio of the single-
particle stripping cross section to the free-nucleon reaction cross section with the
target. For a pronounced halo system such as the 1s1/2 neutron state of11Be, with
a separation energy of 0.503 MeV, this fraction is close to 50%, whereas for15C,
with a neutron separation of 1.218 MeV, the fraction is 30%. The 0p3/2 state of8B
is only a moderate proton halo despite a separation energy of only 0.1375 MeV
(the effect of the Coulomb barrier) with a fraction of about 25%. For a deep hole
state such as the 0p1/2 neutron in12C, bound by 18.7 MeV, the fraction detectable
at 250 MeV/nucleon is only 12%.
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The errors arising from the implicit extrapolation can be estimated from Equa-
tions 2, 12, and 14. Evaluating partial derivatives of the spectroscopic factors with
respect to the Woods-Saxon potential parameters in a finite-difference approxima-
tion, one obtains for some of the cases above

15C: δ(Sj )/Sj = −0.40δr0 − 0.81δa

8B: δ(Sj )/Sj = −0.52δr0 − 0.96δa,

where the coefficients are given in fm−1. These suggest errors of 2%–10%. Deeply
bound core states are mainly sensitive tor0, with a coefficient of order−1.2. The
values chosen forr0 anda are normally correlated; this effect can be examined by
choosing the rms radiusr rms anda as the independent variables. This leads to

15C: δ(Sj )/Sj = −0.41δr rms − 0.025δa

8B: δ(Sj )/Sj = −0.43δr rms − 0.004δa.

With these variables, the spectroscopic factors are independent ofa, and an error
of 0.1 fm on the radius leads to a 4% error on the spectroscopic factor. The
determination of the asymptotic normalization coefficient benefits from correlated
factors in the numerator and denominator to give, for the case of8B,

8B: δ(C2
` )/C2

` = 0.24δr0 + 0.59δa,

a factor of 2 more precise than the relative spectroscopic factor.

5. NEW DEVELOPMENTS

5.1. Two-Nucleon Knockout as a Direct Reaction

Bazin et al. (110) show evidence that two-proton removal reactions from neutron-
rich nuclei proceed as direct processes. The basic reason is that the alternative
process of one-proton knockout followed by proton evaporation is strongly sup-
pressed relative to gamma decay and neutron evaporation from the intermediate
states. This is brought about by the asymmetry in proton and neutron separation
energies; for the example below, the proton channel from27Na only opens up at
excitation energies above 13.3 MeV. The technique for observing this process is
basically the same as that for one-nucleon removal reactions, discussed in Section
3.4. Figure 11 shows the momentum distribution of the residues and the coincident
gamma-ray spectrum obtained for the reaction9Be(28Mg,26Ne)X. From the point
of view of nuclear structure, this is a fairly transparent example because the reac-
tion connects two sphericalsd-shell nuclei, which are stabilized by the pronounced
N= 16 subshell closure (3).

Direct reactions involving two particles differ fundamentally from one-particle
reactions. For single-nucleon knockout in the sudden approximation, discussed
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Figure 11 Left: The parallel-momentum distribution for the inclusive two-proton
knockout reaction from28Mg. The theoretical curves, discussed in the text, include the
broadening that arises from the difference in stopping power in the target for projectile
and residue. The solid curve is the estimate for knockout of two protons in 0d-states,
whereas the dashed line is for two protons in 1s-states.Right: The gamma-ray spectrum
(in units of counts per 32-keV/bin). The main peaks are labeled by the energy in MeV
(error 0.02 MeV) and by the absolute intensity relative to the number of observed
fragments. The dashed peak shapes are simulated response curves normalized to match
the number of counts in the full-energy peaks. The continuous distribution (dot-dashed
line) is attributed to radiation from the target, and the sum of the three is shown as a
solid curve. The 1.48-MeV and 2.02-MeV peaks are interpreted as originating from
the 4+ and 2+ levels of26Ne, respectively.

in Section 3, and for single-nucleon transfer reactions, the theoretical cross sec-
tions often factorize as a product of reaction dynamics and structure terms. This
convenient feature does not generalize to reactions involving two nucleons. In
two-nucleon knockout (and two-particle transfer reactions), the transition ampli-
tudes for a given total angular-momentum transferJ are now a coherent superpo-
sition of many contributing pair combinations. The transition amplitudes thus mix
inextricably the dynamical and structural aspects.

Bazin et al. (110) noted important differences between two-nucleon knockout
and two-particle transfers. In the latter, the transfer vertices impose selection rules
that often dictate that the nucleon pair must transfer as a spin-singlet–isospin-
triplet. Such selection rules do not operate for the knockout reaction, and any
configuration of the pair of particles in the valence shells can contribute. It is
then possible to start from the assumption that the two particles are uncorrelated,
except for those spatial correlations implicit through their binding to a common
core. Eikonal reaction theory (8) then suggests that the basic unit of cross section,
neglecting spin-orbit splitting for simplicity, is
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σ`1`2 =
∫

dEb |Sc|2
∏

I =1,2

1

2`i + 1

∑
mi

〈`i mi |(1 − |Spi |2)|`i mi 〉, 18.

the two-nucleon analogue of Equation 12.Spi andSc are, as usual, the elastic
S-matrices for the removed-nucleon–target and the residue–target systems. The
proton-residue relative-motion wave functions|`m〉 are once again calculated in
a Woods-Saxon potential whose depth is adjusted to reproduce the observed pro-
ton separation energies. The recoil of the heavy residue is neglected. Diffractive
breakup processes are assumed to be negligible for neutron-rich systems with very
deeply bound proton states.

For two-proton removal from thesd-orbitals of28Mg, these elementary cross
sections areσ22 = 0.29 mb,σ00 = 0.35 mb, andσ20 = 0.32 mb. (In addition to the
uncertainty introduced by the approximation, it should be kept in mind that for
deeply bound states the absolute spectroscopic factors discussed in Section 4.1 are
reduced by the factorRs = 0.5. We may expect to encounter similar effects in
the two-proton reaction.) To convert the theoretical unit cross sections into a two-
nucleon knockout cross section, one must define the appropriate spectroscopic
amplitudes. Within the extreme independent-particle approximation, it follows
from simple combinatorics that, forp particles in the valence shell, the factor
multiplying the pair cross sections is Sp = p(p − 1)/2. For28Mg, with p= 4, the
calculation based onσ22 then gives 1.8 mb, in good agreement with the measured
inclusive cross section of 1.50± 0.10 mb given in Figure 11. This strongly supports
the direct-reaction interpretation.

A second check of this interpretation comes from the shape of the parallel-
momentum distribution of the residues shown in the left part of Figure 11. The
relatively narrow parallel-momentum distribution centered close to beam velocity
is, qualitatively, the signature of a direct reaction. A more quantitative interpreta-
tion requires, in principle, the differential equivalent of Equation 18. The task of
calculating this may, however, be simplified by our earlier observation that this dis-
tribution probes the wave function’s momentum content only in the surface of the
nucleus, and that this quantity changes only slowly with the distance from the core.
The distribution for two independent particles is then, to a good approximation,
given by folding those for two independent nucleons. The solid theoretical curve in
the left part of Figure 11 was obtained in this way and lends further support to the
interpretation of the reaction as a direct knockout of two protons from the 0d orbital.
We expect that the shapes of the momentum distributions for two-proton removal
will be of less value as a diagnostic tool than the one-nucleon process because each
J channel will mix several̀ values. This will make the shapes less characteristic.

The calculation of spectroscopic strength to individual final states requires a
more detailed model. In their first analysis, Bazin et al. (110) assume that the four
valence protons in28Mg are restricted to the 0d5/2 subshell. The possible final
states of26Ne are 0, 2, and 4+, which have spectroscopic factors 4/3, 5/3, and 3,
respectively, and which sum to the inclusive value Sp = 6 given above. Dividing
the approximate partial cross section obtained from Figure 11 by the unit cross sec-
tionσ22, Bazin et al. obtain (in the same order) 2.4±0.5, 0.3±0.5, and 2.0±0.3 in
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semiquantitative agreement. The low cross section to the 2+ level presents a prob-
lem in this very simple model. If, on the other hand, shell-model wave functions
are used, and the two protons are restricted to a relative 0s-state configuration, a
pronounced reduction in theJ= 2 channel, and spectroscopy in agreement with the
experiment (110) is obtained. This calls to mind the “fingerprints” characteristic
of one- and two-nucleon transfer reactions on complex nuclei (111).

The reaction and its mirror, the two-neutron knockout on proton-rich nuclei, are
very promising tools for spectroscopy of exotic nuclei. They lead directly toward
nuclei whose yield is extremely small in the direct production process. We expect
that the cross sections will provide specific and quantitative information on nuclear
structure. Furthermore, the method should be applicable over a wide mass range.
We note in this context that our example,28Mg, is closer to stability (32S) than it
is to the drip line (22C).

5.2. Alignment Effects and Gamma-Ray Angular
Distributions

As was mentioned in Section 3.2, the surface character of the single-nucleon knock-
out reaction is reflected in the observed momentum distributions in a characteristic
way, described approximately by Equation 7. For single-particle angular momenta
j > 1/2, the cross sections also depend on the individualm substates, leading
to nuclear alignment. In this section, we discuss some possible consequences and
future applications of this effect. These have yet to be studied experimentally.

The magnitude of the alignment effect is illustrated in Figure 12a for a single-
neutroǹ = 2 knockout with theoretical single-particle cross sections of 12.5, 11.6,
and 26.0 mb for states withm= 0, 1, and 2, respectively. The unaligned, spin-
averaged cross section is 17.6 mb. Thismsensitivity suggests that, in experiments
where the secondary beam has spin greater than 1/2 and was produced in a breakup
process, it is entirely possible that some degree of spin alignment will be present in
the beam. This could be a source of systematic error on the absolute cross section.
With this in mind, an exploratory theoretical study was carried out for the spin-
3/2 17C system at 65 MeV/nucleon (112). It showed that the calculated analyzing
powersT20 associated with the stripping process could indeed be significant. For
an incident beam of alignmentt20, the cross section due to the aligned beam is

σsp(aligned)= σsp [1 + t20T20] , 19.

whereσsp is the usual, unaligned single-particle cross section.T20(0+) for the pure
` = 2 16C ground-state transition was found to be 0.234 within the eikonal model.
In the case of the mixed̀transition to the16C 2+ state (see Figure 1), the calculated
analyzing power is also of order 0.2. Furthermore, due to interference of the` = 0
and 2 contributions (112),T20(2+) is sensitive to both the sign and the magnitude
of the assumed admixtures. There is, as yet, no experimental evidence that bears on
these questions, but they will provide a rich and necessary field for future studies.

Tertiary beam alignment will also manifest itself through a nonisotropic emis-
sion of gamma rays from the reaction residues. As a specific example, consider
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neutron knockout from the 0+ ground state of28Mg producing the 5/2+ state at
1.7 MeV in27Mg. To lowest order, them` population of the residue will then cor-
respond to the single-particle knockout cross sections calculated from Equations
7 and 8. If we transform these to thej alignment and use the expressions given
in the reviews by Yamazaki (113) and, with special emphasis on fragmentation
reactions, by Stuchberry (113a), the theoretical angular distributions of gamma
rays can be calculated. The results for the two examples in Figure 12b show that
the anisotropy is expected to be appreciable. It can be increased further by cuts in
the momentum distribution. The cross-hatched area in Figure 12a includes 38% of
all events, but the anisotropy is then doubled. It is clear that the method has great
potential for identifying the spins of residues and the associated gamma-transition
multipolarities in knockout reactions.

The additional scale on the abscissa of Figure 12b illustrates the strong effect of
the Lorentz boost in a fast-beam knockout reaction. This can easily be incorporated
in the analysis and does not, in principle, present any obstacle. The strong forward
peaking implies that the angular detection range 0◦–60◦ will yield the highest count

Figure 12 (a) The calculated longitudinal momentum distribution for the knock-
out of a 0d5/2 neutron in the9Be(28Mg, 27Mg)X reaction at 82 MeV/nucleon. The
dashed lines give the contributions of the individualm` magnetic substates. A cut
of ±50 MeV/c increases the contribution ofm` = ±2 from 59 to 84% with 38%
of the intensity included. (b) The calculated angular distributions for two possible
spin sequences from the 5/2+ excited state of the residue. Dashed lines represent
the 5/2 → 3/2 transition; solid curves are for 5/2 → 1/2. The gamma-ray an-
gle relative to the beam axis in the center-of-mass frame is denotedθcm. The thick
lines are for coincidences with all residues. The anisotropy is almost doubled (thin
lines) by selecting central momenta of the cross-hatched area in (a). The upper scale
on thex-axis shows the corresponding laboratory angles for a beam energy of 82
MeV/nucleon.
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rates. However, at these forward angles, neutrons and charged particles generate a
serious background in coincidence with the residues, and thus a better determina-
tion of the anisotropy may come from laboratory angles near 150◦. The price, at
the energy of this example, is an approximately fivefold reduction in the count rate
per unit detector solid angle when compared with measurements at the forward
angles. An alternative method would be to determine the angular correlation of the
gamma ray with respect to the recoil direction of the residue in the center-of-mass
system. The reconstruction of this would be technically demanding but would offer
a very clear signature that would cover, in principle, the complete angular range,
similar to the study of the neutron angular correlation from recoiling excited states
of 10Li cited in Figure 8.

Although it is beyond the scope of the present article, we mention for com-
pleteness the possibility of producing polarized nuclei using breakup reactions.
Polarization here refers to different populations of the+m and−m magnetic sub-
states. The seminal work of Asahi et al. (114) shows that polarized samples result if
the residues are collected off the incident beam direction. The momentum selection
is important (115); settings below and above the beam velocity typically give the
largest values, the polarization changing sign in between. In these experiments,
the residues were collected in a stopper and the polarization was detected using
the asymmetry of the beta emissions. Combined with nuclear magnetic resonance
techniques, the method is a powerful tool for measuring nuclear magnetic mo-
ments (116, 117). Breakup reactions must also be expected to produce alignment,
although we lack the means to predict the magnitude of the effect. The observa-
tion of anisotropic angular distributions (118) for some gamma rays emitted from
fragments with massesA= 40–45 following48Ca breakup at 60 MeV/nucleon
provides a first qualitative indication of an alignment effect.

6. CONCLUDING REMARKS AND OPEN QUESTIONS

Direct-reaction spectroscopy of rare nuclei produced as weak, intermediate-energy
fragmentation beams is still very young. Before summarizing what has been
achieved, we enumerate some outstanding experimental and theoretical questions
and challenges.

6.1. Open Experimental and Theoretical Questions

1. This article has emphasizedp-sdshell nuclei, for which structure theory is
advanced and sophisticated. This has been crucial to our understanding of the
reliability of the reaction aspects of the analyses. Extending experiments into
thef-p shells, and maybe beyond, is the logical next step. The corresponding
mass region, approximatelyA= 40–100, represents the cutting edge of mod-
ern shell-model theoretical predictions, and a coordinated input of new and
precise data will be both demanding and very rewarding.

2. Conclusions regarding the spectroscopic-factor reduction factorsRs, as-
cribed to short-range correlations, are based on a small data set and must
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be regarded as provisional. More cases for configurations that are well un-
derstood (such as closed shell or halo systems) are needed to extricate these
effects from those of long-range correlations. Experiments using calcium
and nickel isotopes and their neighbors seem to be the logical starting point.
Systematic measurements at several energies, maybe up to 1 GeV/nucleon,
will be an important test of the accuracy and consistency of results. The-
ory provides some understanding of theRs values of 0.5–0.65 observed for
strongly bound orbitals. Can it also account for the values closer to unity
found for halo cases?

3. The two-nucleon knockout reaction deserves much further effort, both ex-
perimentally and theoretically. The structure and reaction dynamics are en-
tangled, and the spectroscopy will be both richer and more complex than
in the case of single-nucleon knockout. The initial experimental results are
a considerable stimulus to develop an integrated shell-model and reaction
theory.

4. Alignment effects, both in the secondary beam and of the residues from
knockout, pose a number of important questions. The model estimates of
these effects discussed in this article have yet to be observed experimentally.
How important are they, and how can they best be exploited for beam and
reaction diagnostics and for an enhanced spectroscopy?

5. The expected deviations from the eikonal reaction theory have already been
observed in selected reactions. Further, precision studies of these effects, the-
oretical as well as experimental, are important to understand quantitatively
the limits with which cross sections, and hence absolute spectroscopic fac-
tors, can be deduced, and to gain further insight into the reaction mechanisms.

6. A potentially serious problem is posed by the presence of isomeric final
states of the residue, for which the coincidence method fails. It will become
necessary to develop techniques that can “flag” these cases. Similarly, the
related uncertainty of isomeric components in the incident secondary beam,
and their poisoning of the single- and two-nucleon spectroscopic studies,
will need to be addressed.

7. A more systematic study of dynamical excitation of the residues, i.e., non-
spectator effects, is also necessary. Single-particle excitations are unlikely
to play any significant role, but collective (vibrational and rotational) exci-
tations have already been suggested to be important in specific instances. A
documented case (9) is the strength of the observed partial cross section of
the10Be 2+ state in neutron removal from11Be. Additional theoretical work
must extend the reaction theory beyond the spectator core approximation.

6.2. Summing Up

The single-nucleon knockout reaction is becoming a major, efficient tool for the
spectroscopy of single-particle states in light and medium-mass nuclei produced
as fast radioactive beams. The method has three essential technical elements: a
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fragment separator, which delivers the exotic species of interest on a light target; a
high-resolution spectrograph, which identifies the reaction residues; and, operated
in coincidence with the spectrograph, an array of gamma-ray detectors, which tag
the individual residue excited-state populations following the reaction. Based on
this information, partial cross sections and their longitudinal momentum distri-
butions can be measured. The technique is very sensitive; experiments have used
incident beams as sparse as one atom per second. The analysis of the spectral
information uses a nonperturbative reaction theory, which is based on the sudden
and eikonal approximations and requires a small, quite well-determined parameter
set. This permits orbital angular-momentum assignments (from the shapes of the
measured momentum distributions) and deduced spectroscopic factors (from the
absolute partial cross sections). The cases studied so far show consistent agree-
ment between experiment and theory at a level rivaling that of classical light-ion
transfer reactions at tandem accelerator energies.

Although based on a limited number of cases, the new development discussed in
Section 4 indicates that the knockout method can determine absolute spectroscopic
factors. It confirms the quenching factorsRs of 0.5–0.65 for deeply bound proton
states and obtains the same values for deeply bound neutron states, a new but not
surprising result. This reduction, relative to shell-model calculations with effective
interactions, is taken to be a manifestation of effects that go beyond these models.
It is interesting that the less-bound states of radioactive nuclei haveRs values much
closer to unity. Another significant step forward is the identification of two-proton
knockout from neutron-rich systems as a direct reaction. This process, and two-
neutron knockout on proton-rich nuclei, is very interesting. It leads away from
stability toward extremely rare nuclei, offering a sensitive probe of excited states
and, potentially, of correlations in the many-body nuclear wave function. The
practical exploitation of this coherence of the two-nucleon knockout mechanism
is a challenge for future experiments and theoretical structure and reaction studies.
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