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Session aims: part 1

To discuss approximate solutions of the Schrodinger
equation for states of two, three or more bodies at ‘high
energies’ by introducing the eikonal (forward-scattering
dominated) approximation of the reaction dynamics.

To bring out the importance of the eikonal S-matrix, a
function if the impact parameter of the projectile, or of a
component of the projectile, in this formulation of the
reaction and scattering of the interacting systems.

To gain an impression of how accurate the eikonal
approximation is as a function of the projectile energy,
and to see how one can describe both point particle and
composite projectile scattering using these methods.



Radioactive ion-beams: fragmentation facilities
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Exotic nuclei production - projectile fragmentation

Random removal of protons and neutrons from heavy projectile in
peripheral collisions at high energy - 100 MeV per nucleon or more
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Reaction timescales — in surface grazing collisions

For 100 and 250 MeV/u incident energy:
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The Schrodinger equation — differential approach

So, using usual notation

hz 2 + /=
7 (EVT+U(T)Ecm> Xg (T) =0, p=

and for scattering states E¢pm > 0

U(r) =Ve(r)+ V(r)+i:W(r)
wpr(r) = (i/2)1H) — § H)



S-matrix - ingoing and outgoing waves amplitudes

wrr(r) = (i/2)1 B —[8, H]




Semi-classical approaches — many L-values

large k — e.g. nucleus-nucleus
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Point particle scattering — cross sections

All cross sections, etc. can be computed from the S-matrix,
in either the partial wave or the semi-classical (impact
parameter) representations for example (spinless case):
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Eikonal approximation: for point particles (1)

Approximate (semi-classical) scattering solution of

My

Me + My,

h2 2 + /=
(ZVT—FU(T) Ecm) XE (T) =0, K=

2
(V% - h—gU(fr’) + kQ) X%’(F) =0
small wavelength
valid when |U|/E <1, ka>1 - high energy
Key steps are: (1) the distorted wave function is written

—

(7) = exp(if - 7) w(F) <—— all effects due to U(r),
modulation function

>4

X

(2) Substituting this product form in the Schrodinger Eq.
2k - Vo ) — ;—‘;U(T)w(f) - V20(7)| exp(ik - 7) = 0



Eikonal approximation: point neutral particles (2)

2ik - Vw(F) — ;—gU(T)w(F) + %)] exp(ik - 7) =0
The conditions |U|/E < 1, ka>1 - imply that

2k - Vw(7) > V2w(7) = Slow spatial variation cf. k

and choosing the z-axis in the beam direction k

‘;_‘: ~ —%U(T)w(ﬂ phase that develops with z
- i 7 N
w(r) = exp [ﬁ [_OO Ul(r )dz]

1D integral over a straight
line path through U at the
Impact parameter b




Eikonal approximation: point neutral particles (3)

X%‘(’F’) — exp(ik - 7) w(F) ~ exp(ik - 7) exp {—%] U(r')dz']

So, after the interaction and as z—>

\E(7) — exp(ik - 7) exp {% / U(fr’)dz’] — S(b) exp(ik - 7)

= S(b) is amplitude of the forward
—|— — —
Xg (7) — S(b) exp(ik - T) going outgoing waves from the

Eikonal approximation to the scattering at impact parameter b

S-matrix S(b) v = hk/m

>

Z

—————— L) =

S(b) = exp [—% / h U(fr')dz’]
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Moreover, the structure of the
theory generalises simply to few-body projectiles



Eikonal approximation: point particles - summary

1 O
=~/ U(r')dz

limit of range of
finite ranged
potential




Eikonal approximation: several particles (preview)

1 OO
xi(b) = — U;(r')dz

Total interaction energy

Tl,... ZU Tz

with composite objects we will o S
get products of the S-matrices Al H i(0s)



Point particle — the differential cross section

Using the standard result from scattering theory, the elastic
scattering amplitude is

10) = —Ls [ exp(=ik - U E )

___H 5 /dF eXp(—iE’ -7 U(r) exp(ik - ) w(r)
2mh

=B / d7 exp(iq - 7) U (r) w(7)
2mh

with §=Fk — k', ¢ = 2ksin(6/2) is the momentum transfer.
Consistent with the earlier high energy (forward scattering)
approximation
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Point particles — the differential cross section

So, the elastic scattering amplitude

- lLl’ — »—»\. — —» (" .
10) = 2 [ dr explia- U ) TR
z h°k
IS approximated by 3 )
ik dw | Umw) = TR
| 27 o7 aw =
feir(0) = o d”b exp(i1q - b) / - dz uodz

Performing the z- and azimuthal ¢ integrals

feik (9) = —Zk/ b db J()(qb) [S(b) — 1] J()(Qb)

0 Bessel
T —1 function
S(b) = exp [ix(b)] = exp [ : / Ulr! Vdz'

hv .
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Point particle — the Coulomb interaction

Treatment of the Coulomb interaction (as in partial wave
analysis) requires a little care. Problem is, eikonal phase
integral due to Coulomb potential diverges logarithmically.

h) — 1 (8 V(' d Must ‘screen’ the potential at
xc(b) = o ), c(r)dz | some large screening radius

foir(0) = e™Xe { pt(0) — ik /OOO bdb Jo(gb) et [S(b) — 1]

t 1% -

——

overall unobservable usual Coulomb

screening phase (Rutherford) point
charge amplitude

X(b) = xn (D) + Xp(b) — Xxpt(D) Xpt (D) = 2nIn(kd)

nuclear Due to finite charge  See e.g. J.M. Brooke, J.S. Al-Khalili,
phase distribution and J.A. Tostevin PRC 59 1560

nuclear scattering in the presence
of Coulomb




Accuracy of the eikonal S(b) and cross sections
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Accuracy of the eikonal S(b) and cross sections
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Non-point particles: such as in knockout reactions

Elastic scattering of composite nuclei or description of
one or two-nucleon removal — at ~100 MeV/nucleon

‘Be

Po(T) b

—— — [fast] exotic
projectile
(v/ic>0.4)

How to describe? - what can we learn from these?

P.G. Hansen and J.A. Tostevin, Ann Rev Nucl Part Sci 53 (2003) 219



Adiabatic (sudden) approximations in physics

Can often identify motion as being of high energy/fast and
low energy/slow in different degrees of freedom

Fast neutron scattering E,, |3) \
from a rotational nucleus E,, [2) '

fast  ‘slow’ 2 O E. 1) N\
‘—> \\\\\\
EOa O> ---12 EO

fixing the orientation, we
assume moment of inertia
— oo and so states of the
rotational spectrum are
assumed degenerate

Fix Q, calculate scattering
amplitude (0, Q2) for each
(fixed) orientation Q of the
rotational nucleus

Transition amplitudes faﬁ (0) =(B | f(0, Q) | g, I



Few-body projectiles — the adiabatic model

\ Full spectrum of

Vv \
r \ H, is assumed
‘slow’ /:I)? fast B Gl degenerate with

. @ @ \ the ground state
_80 X

s

—_— - —80

Freeze internal co-ordinate r, then scatter c+v from target
and compute f(0,r) for all required fixed values of r

Physical amplitude for e.g. breakup to state ¢, (r) is then,

f () =(dy | (8, )| do),

Achieved frivially by replacing H, — —¢,4in the
Schrodinger equation — the assumed degeneracy




Adiabatic approximation: its implementation

H=Tr+ Ui(r1) + Us(r2) + Hint (7) 2
R = (my 7T + mara|/(m1 + ma) Polr

B R
r1 = R —mar/(my + my) 1
7“2 R—I—mlf’/(ml —|—m2)

—

hZ
(—ﬂv -+ Ul(Tl) + UZ(TZ) + H’int — E) \P%—(F? R) — 07

with \If%'(’F', ﬁ) — exp(z’lz- ﬁ) G0 (7) +

The adiabatic approximation replaces Hint — —¢0

1?01

B’ .
(—EV —+ U1(7°1) —+ UQ(T‘Q) — F. ) \IIZAd(T’R) — ()

where E.,, = E + £q is the projectile incident energy in the
cm frame and r_is a parameter in this adiabatic 3-body eqn.




Adiabatic approximation - time perspective

The time-dependent equation is 2

§
HY(r R 1) = ih O

R
ot 1
and can be written \@

Y(r,R,t)=AD(r{t),R), rt)=A"rA

A =exp{-i(H, +¢&,)t/a} and where Adiabatic step
oD assumes
[Te +U(r(), R) =& JO(r(O.R) =i —=| | r(t) ~ r(0)=r=fixed
or A=1 for the
Adiabatic collision time t

coll

equation :
requires

[T, + U(r,R)®(r,R) = (E+¢,)@(r,R)1 |(H, +&x)te/f<<1



Reaction timescales — in surface grazing collisions

For 100 and 250 MeV/u incident energy:
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Eikonal approximation: for composite particles (1)

Having made the adiabatic approximation, for each fixed r

(—%V% + Ui(r1) + Ua(r2) — Ecm> \If;:(ﬁ R) =0,

where WX (7, R) = exp(ik - R) ¢o(7) + ...

One now assumes, as before, a modulating function,
U (7, R) = exp(ik - R) w(7, R) ¢o(F)

and, as R— —c0Z, w(@®@R)=1

As before, with this product form, the equation for ® IS

. 9 L
2ik - Vpw — h—g[Ul(m) + Us(rs)|w %u] exp(ik - R) =0

iIn which r is just a parameter (a frozen value)



Eikonal approximation: for composite particles (2)

~

With the z-axis in the beam direction k
dw 1 ~
——[Ul (7“1) -+ UQ(TZ)]W(F, R) with solution

iz ho
.z
w(7, R) = exp {%/ [U1(r)) + Us(r5)] dZ’

atfixed r i
adiabatic

S 1D integrals over straight line
b, paths through U’s at impact

Jb@IbZ parameters b of the 2 bodies

So, after the collision, as Z —» o©
i i

w(F, R) = exp [—% /_ Z Uy (1) dZ’] exp [—% /_ O; Us(1))] dZ’]

w(fF, é) — S1 (bl)Sz(bg)




Eikonal approximation: for composite particles (3)

1 o0

Xi(b) = —

— U;(r")dz

Total interaction energy

7“1,... ZU TZ

x(b1,...) = —%/ Z Ui(r})dz

with composite systems: get . _
products of the S-matrices explix(by,...)| = H Si(0:)



Few-body eikonal model amplitudes

So, after the collision, as Z—x  o(r,R)=S,(b,)S, (b,)
P, (rR) > [S.(b.) S, (b,)]e™ "¢,(r)

with S.and S, the eikonal approximations to the S-matrices
for independent scattering of ¢ and v by the target - dynamics

v ] , S0, elastic S-matrix, S,(b) for
— the scattering of the projectile,
————— v . .
c . | by at an impact parameter b - i.e.

Jb @Ibc the amplitude that it emerges

at fixed 1 in state ¢y(r) is
adiabatic Sp (b) = <(|)O | SC (bc) SV (bvl | (I)O>r

averaged over position < amplitude that c,v survive
probabilities of c and v interaction with fixed b, and b,




Eikonal theory - dynamics and structure separation

Independent scattering information of ¢ and v from target

¢ v 5 scattering
% g‘ S,5(0)=(8,1'S,(b.) S, (b,) |4,
C Sc @ ) )

structure
Use the best available few- or many-body wave functions
More generally,

Sop(0) =( @4 | S,(0,) S, (by) ... S, (D)D)

for any choice of 1,2 ,3, ..... n clusters or nucleons.

These S are for a fixed projectile c.m. impact parameter
and observables will be integrals over all b

Oag X /dg\Sag(b)\z



Practical calculations for several-body projectiles

SHe+'2C at 60 MeV /nucleon

4
Sg(b)=(Dyg Sawa)ljl Si(b;)|Dyg)

o 5 10 15 20 25
J.A. Tostevin et al. PRC 56, R2929 (1997) O.m (degrees)



Use an old friend — and make some new ones

bound (bound states solver — see bound.outline)

eikonal s (for eikonal S-matrix from a specified
interaction potential - etkonal _s.outline)

glauber (elastic scattering calculation from a specified
eikonal S-matrix - glauber.outline)

knockout (composite two-body projectile S-matrix from a

bound state wave function and component S-
matrices — knockout.outline)

You can now calculate bound states (bound) and eikonal
S-matrices (ei1konal s) and can calculate this composite
S-matrix (using knockout). The elastic scattering of ¢, v or
the composite can then be calculated (using glauber). So

you can now calculate the elastic scattering of the neutron,
10Be, and the composite halo system 'Be




This first session discussed:

Approximate solutions of the Schrodinger equation for
states of two, three or more bodies at ‘high energies’
using the eikonal (scattering is forward-dominated) and
adiabatic approximations for the reaction dynamics.

Highlighted the importance of the eikonal S-matrices,

functions of the impact parameters of the projectile, or
components of the projectile, in this formulation of the
reaction and scattering of the interacting systems.

Discussed examples to assess the accuracy of the
eikonal approximation with the projectile energy, and
clarified how both point particle and composite projectile
scattering can be calculated using these methods.






