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1. Introduction

Definition of a microscopic model

* Wave functions
e fully antisymmetric
* Depend on all nucleon coordinates = complicated many-body problem!
* Exchange of particlesiand |
Pauli principle

PiW(1,2, .l oy A) = —W(1,2, ), oy . A)

e Hamiltonian
e given by

H = ZT+2VU+Z Vijk + -

Jj>i k>j>i
with
T; = kinetic energy of nucleon i
Vij = two-body nucleon-nucleon interaction
= Contains a nuclear part Vi’]\-’: short range
= Contains a coulomb part Vig: long range ~ e?/r

Vijk=three-body interaction (often neglected)



1. Introduction

Main advantages
* Predictive power: in principle there is no parameter
* Coherent description of different processes:
* spectroscopy (energies, radii, electromagnetic transitions, etc.)

» scattering (elastic, transfer, radiative capture, etc. )

Main problems

. Vl-l}’ is not exactly known
- approximations, effective NN interaxctions (adapted to the model)
* The Schrodinger equation may involve many terms (A(A-1)/2)

—> cannot be solved exactly

» Difficult to apply to scattering states

—> various models

* Shell model (and extensions: No-core shell model)

* Fermionic Molecular Dynamics

e Cluster models: Resonating Group Method (RGM), Generator Coordinate Method (GCM)



Important concepts for (all) microscopic models:
2. Antisymmetrization, isospin formalism
3. Nucleon-nucleon interactions



. Isospin, Antisymmetrization

Isospin formalism

The wave functions depend on all nucleon coordinates:
* Spacer
* Spins
* lsospint

Isospin formalism

masses of neutron and proton very similar:  m_=939.57 MeV, m,=938.27 MeV
difference: 0.14%

Charge symmetry : V,\z,jp ~ Vy™ for the nuclear interaction

but: VP = V2™ for the Coulomb interaction

neutron and proton are two states of a single particle: the nucleon
nucleon= particle with isospint = 1/2
neutront, = +1/2
protont, = —1/2
N-Z
—> for the nucleus T, = —— T 2T, T= |T,1, T, + 1, ..

For two nucleons T =t; + t,
2> T =0,T, =0 (deuteron)
->T=1,T, = —1,0,1 (diproton, dineutron, deuteron excited: unbound)



2. Isospin, Antisymmetrization

Nuclei: 13C (2=6, N=7)- 13N (=7, N=6) :
T, = +1/2,—1/2: mirror nuclei, similar spectra
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2. Isospin, Antisymmetrization

Other example: 14C (T,=1), 14N (T,=0), 10 (T,=-1)
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2. Isospin, Antisymmetrization

B. Antisymmerization
 Each nucleon has an individual wave function

1 1
Gmgm, (1) = ()| sms > | 5m >
sttt 2 2

Space Spin Isospin
Example: 1 1
gaussian Ms = if My = if

 Total wave function of the system: W(1,2, ...,4) = ¢1(11) P, (1r3) ... p4(14)
The spin and isospin coordinates are implied

* Pauliprinciple P;;%¥(1,2, ...1, ...J, .. A) = —“W(1,2, ...J, ..., ... A)
P;;: exchanges particles i and j
—> the total wave function must be: W(rq,73, ...734) = AP, (r1)d,(13) ... p4(1r4)

Operator A: defines all possible permutations between A elements (A!)

Al
A = 2 epPp
p=1

where B, = permutation of the A elements
€, = sign of the permutation



2

. Isospin, Antisymmetrization

Antisymmetrization operator
Al
A = Z epPp
p=1

Examples
e 2particless A =1—P;, (2terms: 2l)
e 3particles: A =1+ Py31 + P31, — P135 — P13 — P31 (6 terms: 31=6)
* 4 particles: 24 terms (4!)

Important property : A% = A' A
Example for 2 particles:
A? = (1= P1p)(A=P1p) =1—=2P;, + (P12)? =2 —2P;; = 2A



2. Isospin, Antisymmetrization

e Slater determinant

¢4 (.7‘1) ba (.7‘1)

¢1(.7‘A) ¢A(.TA)
= det|¢pq ... P4

Wy, s Ta) = AP () P2(12) ... pa(ry) =

vanishes if two rows or two columns are identical (fermions)

* 2particles W(ry,ry) = AP (r1)d, (1)
= det |p1¢,|
= ¢1(r1)do(r2) — Pp1(r2) P, (r1)
_ $1(ry)  ¢o(ry)
$1(r2)  Pa(r2)

* Example: o particle: 4x4 determinant
« Common radial part (shell model: gaussian function) ¢ () = exp(—12/2b?%)
» 2 possibilities for the isospin (neutron, proton)
» 2 possibilities for the spin (up, down)
e W=det|pnT pognl pep T Pgn i |



2. Isospin, Antisymmetrization

e Matrix elements between Slater determinants

2 Slater determinants

V=AY, ...y = det|ihy ..y |
D = APy .. pa = detlgy ... Pl

Quantities needed
 Overlap < VP[P >

*  One-body matrix elements < W|0;|® > ,with 0; = Y&, 0(r))
example: kinetic energy

* Two-body matrix elements < W|0,|® > , with 0, = %{i_; 0(r;,77)
example: nucleon-nucleon interaction

11



2. Isospin, Antisymmetrization

a) Overlap

< Y|P > =< P19y .. Y A|AP1 D ... Py >

=A< YUy . Pu|A|D1Py ... pq > (since A? = AlA)
N <Palds > o <ty [da>

< ypalpr> - <taldpa >

=» Simple determinant with the invividual overlaps

= Factor A! can be introduced in the wave function ¥ — (A4!)~1/2y



2. Isospin, Antisymmetrization

b) One-body matrix elements
One-body operator 0 = Y4, o(ry)

. h?
Example: kinetic energy: T = }; (— %) A;

. 1
rms radius < 12 > ==Y 1/
A

Tha <@ l01¢y= <o i [AOR[G Sl
- <t Y | OAT] G )
AL < Yy 1O S [ Qan aD

= ZJ <Y, lol @ > M

wilkh M= prdan. owa  meimen- of e ovalad
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2. Isospin, Antisymmetrization

c) Two-body matrix elements

2-body operator (NN interaction): V = Zi,j v(13,17)

(L}/IV/('P>:Z M, et
édl.&

x[<%q/(j1nr[c&/‘ﬁe>" <LK;LVJI’"'[C&;Y&>J

% o s
\/_\/'_\/
Docne s Bermn uuiam?,& Grrn

M(/J,‘&L: M/L..OIJ'OW oféML O/WL/ZO./}.,
WB

=» systematic calculations, well adapted to numerical calculations
14



3. The nucleon-nucleon interaction



3. The nucleon-nucleon (NN) interaction

A. 2-nucleon system: wave function W(rq, 1, Mgy , Mgy, Myq, M)
Wave function antisymmetric : P,,'¥'=-¥
where  P,, exchanges the space, spin, and isospin coordinates
Y, or(1r) = &, (1r)|SMg > |TMy > : factorization of space, spin, isospin

Relative orbital momentum L, total spin § = §, + §, total isospin T =T, + T,

For S=1

11> = 11 > 11 >

| _|12211|221 ) L . =>» symmetric (triplet, S=1)

10>=7dz; >33 >+l 73 > 13z >)

1-1>= L1 > L1 >

| =lz73 71373

ror 5=0 =>» antisymmetric (singlet, S=0)
1 .,11 1 1 1 1 11 ) O=

00>=7d3; >z >~ 137z > 15 >)



3. The nucleon-nucleon (NN) interaction

S = 0: antisymmetric 2P°IS=0>=—-|S5=0>
S = 1: symmetric 2P%S=1>=4+|S5=1>

Spin-exchange operator P°: eigenvalues(-1)>*!

spin PO— — 1+01.02
2

Same properties for the isospin
1+71.72

isospin Pt = 5

= P, = P" P°P" exchanges all coordinates of both nucleons (space, spin, isospin)



3. The nucleon-nucleon (NN) interaction

B. Generalized Pauli principle
Nucleons are fermions = two-nucleon wave function must be antisymmetric

P, = P" P°P* = —1 - Generalized Pauli principles
Space: P"-> phase (—1)*

Spin: P?-> phase (—1)°*1

Isospin:  PT-> phase (—1)7*1

=>» Selection rule: (—1)!*5*T = —1 for the nucleon-nucleon system

parity+ (L even): 4 states: S=0, T=1 (3 values for T,), S=1, T=0

T=1, S=0 (unbound)

T,=1 T,=1
PP T,=0 nn
np

T=0, S=1: bound (deuteron)

Parity — (L odd): 4 states: (S=0,T=0), (5=1,T=1): unbound



3. The nucleon-nucleon (NN) interaction
Total NN interaction V (i,j) = Vy(i,j) + V:(i, )

Indices i and j include (7, s, t,)

Coulomb interaction (isospin formalism): V-(i,j) =

Nuclear interaction: Vy (i, j) not known exactly

82

1 1
|7”i—7”j| (E - tiz) (E - tjz)

. . spin—orbit
General form of the nuclear interaction Vy = V"% 4+ 1P + pLensor

7
AL =0,
AS =0
Dominant
term

\

N

AL =1
AS =1

AL =2
AS =2

19



3. The nucleon-nucleon (NN) interaction

C. How to deduce the general form of Vel 2

The NN wave function satisfies 2 eigenvalue problems:
* PpWisr(r) = —=Wper(r) with Py, = P" POP*

* HYpsr(r) = (1 + tp + Ve (1,2))Wpsr () = EWsr (1)

2 operators with the same eigenfunctions
2>[H,P;;] =0
N [Vﬁentralyplz] =0
Most general form for VG¢tral
vgentral () = w(r) + m(r)P" + b(r)P° + h(r)P"
with w(r)=Wigner term
m(r)=Majorana term
b(r)=Bartlett term
h(r)=Heisenberg term

Functions w(r),m(r),b(r),h(r) are adjusted to experiment (B, Q, u, phase shiftss, etc.)
* @Gaussian
* Woods-Saxon



3. The nucleon-nucleon (NN) interaction

* General expression: V(r) = w(r) + m(r)P" + b(r)P° + h(r)PT
* System n+p (T,=0), L even =» 2 possibilities
<T=0,5S=1V[T=0,S=1>=w()+m(r)+b(r) — h(r)
<T=1.S=0VIT=1,S=0>=w()+m(r)—>b(r)+ h(r)

- different potentials for S=0 (singlet) and S=1 (triplet)

V (MeV)

50}

\ 1 2 3 r (fm)
0 . . s )

Minnesota potential (gaussians)
Potentials n-p for S=0 et S=1

S =0,T = 1: no bound state
S =1,T = 0: one bound state: deuteron

21



3. The nucleon-nucleon (NN) interaction

« Noncentral »terms:V =V, ,;(r) + Vi s(r)L.S + V;(r)S 12
* Spin-orbit: Vis(r)L.S : AS =0,+1,AL =0
* Tensor: Vi (r)S12, with S4, = [[51 Rs5:°Q[r1 ® 7"2]2]0
« AS=0,%+1,%£2,AL =0,%2
« W=qaW,+ LY (With B2 =~ 5% : amplitude of the L=2 component)

* Tensor responsible: of L = 0 and L = 2 mixing in the deuteron
of the deuteron quadrupole moment

* Possible additional terms (L. S)?, L?, etc ...



3. The nucleon-nucleon (NN) interaction

Interaction obtained from field theory
OPEP (One Pion-Exchange Potential)

Vopep = Vitq - ty

With = _fn hc [4 S1- Sy + (1 -I-% -I-ﬁ) 512] e~ T/An

An = i associated with the exchanged particle (here pion)
f2 ~0075 Ar = 1.43 fm

Realistic potentials

* Fitted on NN properties (p+p, p+n, analyzing power, deuteron, etc)
* Examples: Reid, Paris, Bonn, Argonne (Yukawa functions)

* Very complicated

* Problems to apply to many-nucleon systems (3-body forces?)

Effective potentials

* Adapted to the model (shell model), include some NN properties

e Used in cluster models

* Examples: Volkov (optimizes o, 60), Minnesota (o.+o scattering, deuteron)



4. The shell model



4. The shell model

Exact Hamiltonian

H = Z 1T+Zl>] 1

A A
H= ) Ty + ) Ui(r) + Hyes
=1 =1

where H,., is the residual Hamiltonian (small, neglected)
- mean field: (A-1) nucleons generate a « mean » potential acting on the last nucleon

replaced by

. . . 1 _ 7 \1/2
Single-particle potential: U(r) = Emwzrz , oscillator parameter b = (%)

If we neglect H,. :

A
H — Zhl
=1

* independent-particle model: the A-body probl_em is replaced by A one-body problems
hip; = e;¢,

* Total energy of the nucleus E = Z‘{Ll e;

* Total wave fuinction of the nucleus ¥ = ¢4 ... o4 + antisymmetrization



4. The shell model
Single-particle hamiltonian
2
1. Spin neglected : h¢op(r) = (f—m + %mwzrz) d(r) = ep(r)

en.¢ = ho(@2n, + £+ %) only depends onn = 2n,. + ¥

anr,f,m (r,6, ¢) = Rnrf (r) Yfm (6, ®)
n,- = radial quantum number
£ = orbital momentum
Y;"(6, ) = spherical harmonics
Ry »(r) = radial functions : Laguerre X exp(—r*/2b?)

Examples: 2

2
Roo(r) = 2n~ Y4 exp (— ZT?)

2 2

) =2 e (- 5
2 2

Rio(r) = V=14 (1 — 22 exp (— r—)

3b?

=
1

26



4. The shell model

Degeneracy N, = (n+ 1)(n+ 2)/2

n =3 (1p,0f),N, = 10
n=2(1s,0d),N, =6
n=10p),N,=3

n=0(0s),N,=1

N=Z=40 nucleons

N=Z=20:%Ca

—000000— N=7=8:1%0

n n,,*{ Degeneracy

0 (0,0)=0s 1

1 (0,1)=0p 3

2 (1,0)=1s 6=1+5
(0,2)=0d

3 (11)=1p 10=3+7
(0,3)=0f

O=0 N=Z=2: ‘He

Magic numbers:
« SM: 2,8,20,40,70,112, etc.
* Exp: 2,8,20,28,50, 82, 126

- Necessity of a spin-orbit force

27



4. The shell model

2. Spin included
2

ho(r) = (5_m + %mwzrz + 45 VSO(r)> d(r) = ep(r)

* Good quantum number:j =¥+ s

* |ndividual wave functions

. 1 .
b tjm = mrtjm >= )" < my=mgljm > fn, gm, X A, (with j = £

mg
* Notation: n,€; examples: 0sy/,, 0p1/2, 0p3/2, 1512, etc.

 Matrix elementof £ - s
<jtm |l s|j'"'m' > = %[](] + 1) =20+ 1) —s(s+ 165 6ppr Srmm

—1€f =4 =
=5 orj = +2

= 1(£+1)f 1
= 5 orj] = 2



4. The shell model
Then

* Orbital j = ¢ +% is lower if Vsp(r) < 0
* Splitting proportional to 2¢ + 1 = increases with £

0z

2p

1f

Oh

n=4 1o
1d

Og

n=3 1p
of

— 0d
n = 1s
n = 1 Op
n=20 Os

N 126
——x_ 2p1/2 2p3/2
T 1£7/2
0h9/2
82]
251/2
0h11/2 143/
1d5/2
< 0g7/2
a2 0/5/2
28]
? 0f7/2
0d3/2
<::Z::::: 151/2
0d5/2
0p1/2
I 0§3;2
0s1/2
VSO — O VSO + 0

Magic numbers: 2,8,20,28,50,82,126
In agreement with experiment

For a closd shell: ] =0

Magic nuclei with N=Z: 4He, 160, 4°Ca
Other examples:

. 48C3 (Z=20, N=28)

. 1325 (Z=50, N=82)

. 208ph (7=82, N=126)

* etc..



4. The shell model

Shell model for several nucleons

A
H = z hi
i
Then E=);e

Wy o Ta) = AP1(r)d2(r2) ... pa(rag) = det|dy ... Py
Each orbital is charachterized by the quantum numbers n,.£jm

* For a given shell there are in general several basis states W, (combination of angular
momenta JM).

Example: 2 particles in the p shell: 6%5 = 15 combinations

« One computes the matrix elements < W;|J?|¥;, > eigenvalues J(J + 1)
< W¥,|/,|¥,, > eigenvalues M

* From the diagonalization, one gets shell-model wave functions with definite values of J and
M.

M1 _ JMT
A



4. The shell model

Examples

1. The a particle (N=0)

0p1/2
0p3/2

051/2 OO

protons

2. The a particle (N=1)

0p1/2

Ops3/2 I

051/2

protons

O N
U U

neutrons

Y a
A\ I

neutrons

0p1/2
0p3/2

051/2

0p1/2
0p3/2

051/2

One function
J=0, M=0

Number of functions
2*6=12 for protons

- 24 possibilities

- negative-parity states

31



4. The shell model

The number of basis functions strongly increases with
* The nucleon numbers
e The maximum N value

=» No Core Shell Model

Example 2: 12C

0p1/2 0p1/2

0p3/2 900 0O \SARS S anS o 0p3/2

051/2 O O S O 051/2
protons neutrons

[7aY
G/

[7aY
A\ %4
[7aY
G/

[7aY

0p1/2 0p1/2
" S ee e 5660

Ops3/2

051/2 O O O O 051/2

protons neutrons

Lowest configuration
J = 0%, 1 function

Excitations in the Op, /, shell
6 orbitals, 4 particles

— 15 possibilities for n,p

— 225 Slater determinants
> ] =0%1%,2%,3%4%



4. The shell model

Removal of the center-of-mass

T3 * Absolute coordinates r;
: 1
* c.m. coordinate: R, = ;Zm
\ Ty * Relative coordinates: §; = 1r; — Ry,

ri

Y(ry..ry) =det|p;(r1)p,(ry) ...ps(rg) | ,ifr; > 1, +S: ¥ changes
- not translation invariant (not physical)

2 N ~
Translation: W(ry "'ArA) = exp (— Af;;") Y (&4, .. iA) = Bethe and Rose theorem
[

[ | | \.
Depends on Does NOT
origin depend on origin

=» Exact factorization of the c.m. wave function .



4. The shell model

L ARIm\
Factorization: (1 ...74) = exp (— 2 )‘P(EL . €a)

Consequences
Y(rq..ry) is a Slater determinant is not translation invariant
Y&y, ... €&n) is not a Slater determinant is translation invariant

—> calculations are performed with SD W( 1 ...74)
+ correction for the c.m. motion

Gartenhaus and Schwartz theorem:

Matrix elements with W(ry ...r4) and with‘TJ(El, ...§4) are equivalent provided that, in the
operators:
ri =1 — Rcm
1

_Pcm

Pi"Pi—A

Example: kineticenergy T - T — T,
- simple treatment of the c.m.

34



5. Overview of microscopic models

1. No-Core Shell Model
* Extensions of the traditional shell model
* All orbitals centred at the same origin

* Very large bases (up to 10° functions) = specific diagonalization techniques

2. Fermionic Molecular Dynamics (FMD)
Antisymmetrized Molecular Dynamics (AMD)

* Asingle Slater determinant

e Orbitals centred at different origins
- c.m. problems

* Each orbital contains several parameters (origin, oscillator parameter, etc.)
- minimization over a large set of parameters



5. Overview of microscopic models

Cluster models

the A nuclei form « clusters » inside the nucleus

origin: the a particle is strongly bound = keeps its own identity in the nucleus
typical clusters: strongly bound nuclei (alpha particle)

example : 8Be=a+a - formed of 4 neutrons and 4 protons grouped in 2 o

Cluster approximation ¥ = Agp,¢,9(p)
with

¢1, P, = internal wave functions (input, shell-model)

%

g(p) =relative wave function (output)
A = antisymmetrization operator

=Resonating Group Method (RGM)

Describes spectroscopy and reactions

RGM: non systematic calculations > GCM

36



5. Overview of microscopic models

12C described by 3 alphas

20Ne described by °0+al

®He described by a+n+n
nucleon=« particular » cluster, numerical techniques
identical

37



5. Overview of microscopic models

\

physical coordinates
of the nucleons r

Generator coordinates

(parameters) R

r—R

FMD, AMD

each orbital has its own center
gaussians dependingonr — R

¢(ry) = exp(—(r; — R;)?/2b§)

—> minimization over
e all Ri
 all oscillator parameters b;

Only one Slater determinant

38




5. Overview of microscopic models

Cluster models

e Orbitals of a cluster are centred
at the same point
=cluster approximation

e oscillator parameters identical
(= no c.m. problems)

e Combination of several Slater
determinants

physical coordinates
of the nucleons r

Generator coordinates
(parameters) R
39



6. The Generator Coordinate Method (GCM)

1. Wave functions

A4 R A, Two clusters with shell-model
orbitals ®; and @,

* Clusterl: ®; = det|<p1 (—% )...(pAl (—%R)|
e Cluster 2: &, = det |‘P1 (%R) Wy, (%R)|
* Same oscillator parameters for all orbitals = c.m. problems are easily solved

 Two-cluster basis state

o) = dxlo, (~228) g0, (- 2R, (48) v, (25)
s, (2R (25)

40



6. The Generator Coordinate Method (GCM)

2. Equivalence between the GCM and RGM

* Factorization of the c.m. function for one cluster

. A(S_Scm)2 b
cb(S)—exp(— 2 ><0>

* For two clusters:

- p=R; — R,
'T‘ AR = A1R; + A3R;

R4

Then ®(R) = Ad, (— %R) D, (% R)
< Rgm) ( (P - R)2>
=exp| —A AP (0)D,(0) exp| —p—5—

2b? 2b?

—> exact factorization of the c.m. motion



6. The Generator Coordinate Method (GCM)

Equivalence between the RGM and GCM

* GCM:

. —R 2 R i
basis state: ®(R) = AP, (0)D,(0) exp (—M (prz) ) = AP1¢; exp (_'“ (prZ) )

—> combination of basis states
— _ (p—R)?
Y = [ fF(R)O(RYAR = A, [ f(R) exp (—pu L) dR

* RGM: ¥ = A¢$,9(p)

_ 2
=> GCM and RGM are equivalent with g(p) = [ f(R) exp (—u (prI? )dR

f (R)=generator function

GCM method

» gaussian expansion of the radial wave functions (R=generator coordinate)

* basis functions are expressed as Slater determinants = appropriate to numerical
calculations (systematic)

2
« other expansion possible g(p) = [ F(b) exp (— %) db

=gaussians centred at p = 0, with different widths



6. The Generator Coordinate Method (GCM)

3. Extension to multicluster systems

mMaoie tRar 4 W‘V\ coorobimale

ex : Alc'; X 4+ K+

(He,: K + o +m

G L&) barss
= CP(Z,E;,) s P [5) & (5:) @P}(&)
e e g/\, 2L, §3 AN W"—-@( -@W éd,gl

L Same - C, s {a«dﬁvwfaﬁb‘“‘

43



6. The Generator Coordinate Method (GCM)

4. Matrix elements between GCM basis functions

_Pr): Axh Sl debmamimant

A e

JSM%L extarthe A «MLJ & R, .
= . d - 5 :
@ (F] = dwt‘: | @-2)mb @E)mT g (R c@(.‘élj)/ w)[
e | e
o (e(g) = my, exf (' [—’—_—i;’f)L) - on eorbltal

44



6. The Generator Coordinate Method (GCM)

o,wvew\. befrvcen 2 $D
d = & (b
<@ | P@Y> = | b < o fadey

g el QEEl
b= Cufieh) | ds:
C = (Le(tr’_?\)( L(('él)\
d= (g (-2) LY (48D

: Eic aengy N N M\/tﬂ/\-o.c/{'m 2 QAv~e W%



6. The Generator Coordinate Method (GCM)
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6. The Generator Coordinate Method (GCM)

5. Angular-momentum projection
The GCM basis functions must be projected on spin J (rotation invariance)
From ®(R) > ®/M(R) = [YM(Qr)P(R)dQg

Projected matrix elements in the GCM (overlap, spins zero)
< ®/ (R)|®/(R") > = [dsinf Py(cos8) < P(R)|P(R,0) >

@ @

Always 2 steps:
1) non-projected matrix elements < ®(R )|P(R’, ) >: involve Slater determinants

2) projected matrix elements< ®/ (R)|®/(R') >
* For 2 clusters systems: one dimensional integrals (in general: numerical integration)
* For 3 clusters systems: more dimensions (5-7 according to the projection method)
47



6. The Generator Coordinate Method (GCM)

6. Extensions

e o+o and a+n very simple: 2 clusters
Os orbitals
1 Slater determinant
no excited state
—> analytical calculations are simple

* Possible generalizations
* 3 clusters (or more)
projection more complicated (multidimension)

* p, sd orbitals: many Slater determinants
—> analytical calculations not possible

* Multichannel calculations: ¥ = A¢,¢p,9(p) + Apip59*(p) + -+
—> better wave functions
- inelastic scattering, transfer

48



7. Reactions with the GCM



7. Reactions with the GCM

Hamiltonian of the system H = };; T; + Zj>i Vij

At large distances:
Z,7Z,e*

H_>H1+H2+Tp+ P

Y- ¢1029(p)

* In cluster models the wave function is written as ¥ = A1 9,9(p)
— natural expression at large distances (A negligible)
- important advantage with respect to other microscopic theories

e GCM basis state

—p)2
Before projection: ®(R) = A¢p, ¢, exp (_ #(p-R)

2b?

) —> gaussian at large distances

After projection: ®*™(R) = [ Y[ (Qr)P(R)dQg = Ad1$,T4(p, R)

2 2
with I',(p, R) = exp (— %) ip (’%R) , 1p(x) = Hankel function

=>» Can be used in the R-matrix theory



7. Reactions with the GCM

Microscopic R-matrix: simple generalization with GCM basis functions

Non-microscopic R-matrix

a
|
internal region: v < a external region: r > a
N Nuclear potential negligible
tine () = ) cidhs(7) texe (r) = o(r) = U0 ()
i=1
Microscopic R-matrix

internal region: v < a

Wint = AP1029inc ()
=) FROD(R))

external region: 7 > a

* Nuclear potential negligible

e Antisymmetrization negligible
Wext = P1029ext(P)
Gext(T) =L, (r) — U, 0,(7)
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7. Reactions with the GCM

Microscopic R-matrix theory

* Internal region
Wine = Ap1d20ie(0) = ) FRID(R,)

e External region:
Wext = @192 (r) — Up0,(1))

For the R-matrix we need matrix elements computed over the internal region
< OR)H—E + LL)|PR}) >ine

Two steps:
1. Calculation of the matrix elements over the whole space (Slater determinants)
2. Calculation of the correction over the external region

< ®R)|P(R)) >ine=< P(R)|P(R;) >—< P(R)|P(R)) >cxt



7. Reactions with the GCM

< PR |P(R;) >ine=< P(R)|P(R;) >—< P(R)|P(R)) >ext
< CI)(RL-)|CI>(R]-) >: matrix element between Slater determinants

< O(R;)|P(Rj) >,  =correction over the external region

In the external region: ®*™(R) = A¢,¢,T,(p,R) = ¢p1¢,T,(p, R)
—> Matrix element

< OR)|P(R;) >exe= f Lo(p, R) Te(p, Ry p*dp
a
Similar expressions for

* Kinetic energy
* Coulomb potential

=>» Same R-matrix formalism
=» Determination of scattering properties (scattering matrix, wave functions, etc.)



7. Reactions with the GCM

Some remarks

* Extension to multichannel calculations
* Extension to bound states: iterative method (as in the non-microcopic R-matrix)

* Access to continuum states: important for resonances (exotic nuclei present
resonances or are unbound in their ground state)

e Partial widths: parametrized by the multichannel Breit-Wigner approximation of the
scattering matrix.
Near a resonance:
I
Ern —E+il'/2

Many channels: very difficult!

- iterative method
o P.D.and M. Vincke, Phys. Rev. A 42 (1990) 3835
o Provides a direct definition of the partial widths



7. Reactions with the GCM

Example 1: a+n phase shifts

2 inputs:
* oscillator parameter for the a cluster. Differents criteria:
* rmsradius
* minimum binding energy
* NN interactions: Minnesota, Volkov
Each interaction contains one parameter (u = 1) for Minnesota, (M = 0.6) for Volkov
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7. Reactions with the GCM

Ab initio calculation: No Core Shell Model (Nmax=17)

P. Navratil et al., Phys. Rev. C 82 (2010) 034609

Realistic interaction — missing NNN force?
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In general:
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feasible for nucleus+nucleon scattering
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7. Reactions with the GCM

Example 2: a+a
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